




Abstract

Over the past decades, research on the vibroacoustic analysis and modeling of musical
instruments has gained increasing attention, both for virtual prototyping and for creative
applications. Within the framework of the NEMUS project, this thesis focuses on the ex-
perimental vibroacoustics analysis of musical instruments plates. Specifically, this research
aims to validate experimental protocols and techniques for characterizing the mechanical and
material properties of string-based musical instrument soundboards, which play a crucial role
in efficiently radiating sound generated by the strings. The work begins with a comprehensive
literature review outlining the historical developments and the state-of-the-art concerning
experimental and numerical approaches used to study the dynamical behavior of musical
instruments. An inverse parameter estimation method is introduced to enable the characteri-
zation of the elastic constants of instrument plates. This approach supports the development
of physics-based models within the NEMUS project and offers a practical tool for luthiers
and restorers to obtain accurate material property data. The methodology is complemented
by the validation of a more accessible experimental modal analysis ecosystem, designed to
facilitate the acquisition of modal properties via a cost-effective approach. Several application
scenarios are presented to demonstrate the accuracy and reliability of the proposed analysis
methods. Two case studies illustrate the application of these techniques and address the un-
certainties involved in estimating the elastic features of string-based musical instruments. A
non-dimensional numerical modal analysis framework based on the Finite Element Method is
developed, highlighting the limitations of conventional assumptions typically adopted in the
modeling orthotropic plates. Finally, the thesis explores the impact of uncertainty in material
characterization through a pilot study on an ancient Arpicordo in non-playable condition. The
results show how different characterization approaches influence the structural robustness of
the instrument under static loading conditions, as assessed through numerical modeling. The
study ultimately advocates for the integration of uncertainty and robustness analyses within
a comprehensive reverse engineering protocol, supporting restorers and instrument makers
in making informed decisions when dealing with these fragile and historically valuable
structures.
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Chapter 1

Introduction and context

The conservation of historical musical instruments typically follows two distinct approaches:
restoration and preservation [47]. Restoration seeks to return an ancient instrument to playing
condition, making it possible to explore the intangible heritage embedded in its original sound
and function [137]. Preservation, on the other hand, emphasises the protection of the object
and the related craftsmanship by avoiding intrusive interventions that could compromise
its historical integrity [110]. Historical musical instruments do not only represent precious
archaeological pieces, but they also incorporate a unique intangible cultural heritage, and
recently, the need for a more holistic approach in their conservation has been advocated
[265]. Such an approach would allow not only to preserve the mere historical object but
also the music played by it, the associated musical genres and playing techniques, and so a
broader cultural meaning [137]. Within this context, the presented thesis fits into the NEMUS
project, which is dedicated to the numerical restoration of plucked string-based historical
instruments. Specifically, this work focuses on the experimental vibrational analysis of
orthotropic soundboards.

While it is well established that structural modifications play a dominant role in shaping
a musical instrument’s vibrational behavior [269], precise material characterization remains
crucial in restoration practices. This is important both to define and preserve the correct
mechanical features of an instrument, supporting potential interventions [47, 165], and to also
inform accurate physical models of musical instruments [59]. The latter is of primary interest
to the NEMUS project. This need is particularly critical when considering the significant
variability observed even within the same wood species, which is further influenced by
environmental aspects [275, 270, 187]. Accurate material characterization thus becomes
important to reduce the inherent uncertainty associated with historical musical instruments
[271]. While nondestructive methods have been developed for this purpose [251, 46], many
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recent experimental approaches still require costly equipment and, as will be discussed
in the following sections, several of the available techniques present practical limitations.
Accordingly, the purpose of this thesis is twofold:

• Investigate accessible techniques and user-friendly methods for accurately estimating
both the physical and mechanical properties of musical instrument plates.

• Address material properties uncertainty to support the conservation of historical musi-
cal instruments.

1.1 Role and design of soundboards

Soundboards are of main interest across chordophones as they allow the instruments
to radiate sound efficiently, thanks to their plate-like structures, and their design directly
influences the perceived vibroacoustics signature [150]. Recent studies have particularly
discussed the critical role of soundboard dynamics on string vibrations in pianos [190].
Their design has continuously evolved over history and each structural change encompasses
information on the music played and the related technological, economic and scientific
advancements. The violin family expanded as a technical necessity imposed by baroque
music, whilst firstly being used for chamber music and handcrafted by recognized masters as
Antonio Stradivari and Giuseppe Guarnieri del Gesú, the instruments underwent structural
design alterations to play in larger concert halls [47, 104]. The six-string classical guitar we
know today is also a consequence of important design interventions from the original classical
guitar introduced in the Renaissance. The design introduced in the 19th century by the luthier
Antonio de Torres enlarged the body size and established the use of fan-shaped bracing style
in the top plate, enhancing the instrument’s perceived loudness and vibroacoustics signature
[104, 47, 236]. Additional soundboard bracing patterns were also introduced, influencing
and shaping the structural and mechanical behavior of the full instrument. An example is
the lattice bracing introduced by the luthier Greg Smallman [47, 105], which enabled the
guitar to be suited in larger concert halls by enhancing its loudness and sound projection
capabilities [142, 242]. Parallel to the classical guitar, the steel-string acoustic guitar also
evolved, and a specific bracing pattern like the X-Bracing introduced by Martin addressed
structural challenges imposed by the higher string tension, which was later refined by the
falcate bracing proposed by Trevor Gore [105, 118]. Before the transition to the piano
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in the 18th century introduced by Bartolomeo Cristofori, the harpsichord family already
showed important differences among various national making schools. Italian harpsichords
were characterised by a thinner and smaller soundboard, making them more suitable for
accompanying music [261]. Conversely, Flemish harpsichords featured a substantially larger
body and soundboard size, which gave them a more pronounced bass response [156]. Other
prominent harpsichord traditions from the 16th to the 18th centuries include the French and
German schools, which introduced distinct soundboard geometries and varying dimensions
[60, 61], thus giving rise to a diverse array of historical models. In the recent years, while
wood has historically been the main construction material used for string-based musical
instruments, alternative solutions such as composites or 3D printing materials have recently
been investigated and used in traditional musical instrument making of chordophones [50,
84, 274, 71]. Within this context, the NEMUS project is closely connected to the work of
luthiers and instrument restorers, the methodological advancements proposed in this thesis
are designed to be implemented by such professionals. In doing so, the research extends
beyond an exclusive focus on fragile historical artefacts, opening up approaches that are also
relevant to contemporary instrument-making practice.

A detailed outline of this work is given in Section 1.6. In the next paragraphs, a literature
review is presented concerning the state of the art in experimental and numerical methods
used to characterize the vibroacoustic behavior of musical instrument soundboards and
estimate their mechanical properties.

1.2 Material characterization of musical instruments plates

The identification methods for the characterization of material properties can be divided into
destructive and nondestructive approaches. Destructive techniques provide a direct identifica-
tion of material properties by allowing standardized mechanical testing on isolated samples.
In contrast, nondestructive methods generally rely on indirect (i.e., inverse) estimation based
on the global vibrational response of the mechanical structure under test [251]. Destructive
methods have the advantage of enabling the direct assessment of key elastic material proper-
ties, including Young’s moduli, shear moduli, and yield stresses, through standardized tensile,
compression, bending, and torsional test procedures [109, 233]. However, nondestructive
techniques have gained popularity as they avoid damaging the structure under test and are
essential for the material characterization of ancient and fragile musical instruments [46,
165]. Nondestructive testing (NDT) methods are principally classified into numerical or
experimental approaches and aim to estimate the elastic features of the sample under test
based on its modal parameters — namely, natural frequencies, mode shapes, and modal
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damping [251, 268, 169]. With regards to musical instrument plates, the advancements in
materials property estimation encouraged more studies to investigate the correlation between
physical and mechanical material properties and the grading or selection of wood for musical
instrument making. In 2007, Buksnowitz et al. reported that mechanical and acoustical
properties of wooden plates could not be directly linked to luthiers’ subjective preferences
and selection criteria. However, these properties can still be useful for objectively informing
decisions in the building process, and dedicated tools would be needed to predict them
[49]. Objective criteria incorporating key physical and mechanical features have also been
proposed to support the grading of wood used for musical instruments making processes
(i.e. tonewood)[288], hence encouraging further investigations into material properties of
tonewoods, aiming to establish more objective criteria for their selection and classification.
In the following sections, the historical advances in NDT methods with specific regards to
applications involving musical instruments plates are presented and grouped relatively to the
main approaches identified in the avaiable literature.

1.2.1 Semi-analytical methods

In 1984, the work by Caldersmith and Rossing [54] investigated modal coupling effects due
to the Poisson ratio occurring at specific aspect ratios in isotropic and orthotropic (wooden)
plates, introducing simple formulas to predict Poisson values for rectangular plates. In the
same period, further work conducted by Caldersmith, as well as parallel research published
by Woodhouse and McIntyre, led to the development of formulas enabling the estimation
of Young’s moduli in the longitudinal and radial directions and the shear modulus in the
longitudinal–radial plane, based on a comparison between experimentally obtained natural
frequencies and approximated analytic solutions using the Rayleigh-Ritz method [55, 184,
183]. A practical demonstration of this approach was later provided by Caldersmith and
Freeman in 1990 [53].

This method has gained significant popularity over the decades due to its simplicity and
low cost, as no specialized equipment is needed when using plates with a square aspect
ratio and uniform thickness. Today, it is still used by researchers and instrument makers for
quickly estimating material properties from small, available wooden samples [221, 220, 173,
116, 95].

However, the method has limited flexibility in its use, as it is strictly valid only under the
assumption of fully free boundary conditions (BCs). Moreover, while the two Young’s moduli
are estimated with good accuracy, the shear modulus is generally less reliably determined, as
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will be discussed later in this work (see Section 3.5). Moreover, when different plate aspect
ratios are used, the method may lead to inaccurate estimations due to modal crossings or
degeneracies, which can result in altered mode shapes and thus hinder the proper identification
of the material’s elastic properties. In these cases, measurements on the sample under test
are still required to identify the correct operational deflection shapes (ODSs).

In 1999, the approach undertaken by Gaul, Willner, and Hurlebaus [108] used elec-
tronic speckle pattern interferometry (ESPI) and took advantage of the formulas derived by
Caldersmith [55]. In 1994, Urgela and Saldner [264] presented an application of the method
introduced a decade earlier by McIntyre and Woodhouse [184], adapting it to violin tonewood
halves before any shaping or carving steps in the instrument-making process. The study
confirmed the effectiveness of the estimation approach in identifying the Young’s moduli
and the shear modulus of the samples. However, it also discussed how limitations arising
from larger thickness and non-homogeneous geometry might lead to modal distortion in the
observed patterns, thus increasing the error in the estimation of material properties.

1.2.2 Numerical methods

In the late 1980s and throughout the 1990s, iterative techniques employing computational
methods became increasingly popular. In 1987, Fällström and Molin showed how the finite
element method (FEM) can be exploited to iteratively estimate the elastic constants of thin
composite plates under fully free BCs [100] . In their study, they employed ESPI to enable
real-time visualization of the vibration pattern and used a FEM model of the plates under
test. The parameters were retrieved by updating the simulated elastic constants until a good
agreement was found between measured and simulated data. They observed that this iterative
method could provide more reliable results, being less sensitive to defects in the samples and
to the experimental BCs of the bars. The study further confirmed that each of the first three
vibration modes in rectangular orthotropic plates exhibits strong dependence on only one
material parameter, thereby enabling the identification of the main elastic constants. The
method was later refined through an updated phase-stepped ESPI method [101].

De Wilde and Sol described a method to estimate the elastic constants of composite
material plates by matching experimental frequencies with a FEM model of the same plate.
Similarly, in 1992, Pedersen and Frederiksen combined standard experimental modal analysis
(EMA) techniques with a numerical model based on the Rayleigh–Ritz method, minimizing
the error between experimental and numerical data to retrieve accurate estimations for or-
thotropic rectangular plates under free boundary conditions [207]. Similar inverse estimation
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routines were developed during the same years [16, 73], and this approach proved reliable
even when dealing with noisy data [160]. Several studies have particularly focused on
orthotropic thin plates — that is, plates for which transverse shear deformation is considered
negligible and which are therefore described by the Kirchhoff-Love model (see Section 2.4
for a detailed discussion of orthotropic plate modeling). In 1993, Lai and Lau estimated
the elastic constants of orthotropic thin plates under free BCs by combining EMA and
the Rayleigh–Ritz method to implement the corresponding numerical models [161]. The
study showed that good accuracy between experimental and simulated frequencies can be
achieved (i.e., 5%). Nonetheless, while good consistency was observed in the estimated
Young’s moduli in the longitudinal and transverse directions, larger discrepancies were spot-
ted when comparing the estimated shear modulus and Poisson’s ratio values with reference
data obtained via tensile tests.

De Visscher, Sol, and De Wilde illustrated a mixed experimental–numerical iterative
routine to estimate the elastic constants of thin plates [72]. As in previous studies, the
identification process relied on experimental measurement of the resonance frequencies
of a plate under free BCs, while the elastic constants were iteratively updated within a
Rayleigh–Ritz numerical model based on Love–Kirchhoff thin plate theory. Although a good
match between simulated and experimental data could be achieved, the authors highlighted
several important sources of uncertainty, primarily related to the assumptions underlying the
numerical model. If the thin plate assumption is violated—for example, due to excessive
thickness—the model may yield inaccurate estimates, leading to a misrepresentation of the
actual physical and mechanical properties of the plate.

A refined method using a numerical model that includes transverse shear deformation
was proposed by Ayorinde [15], allowing for a rapid estimation of the elastic constants of
thick composite plates via a least-squares optimization matching experimental and predicted
frequencies. In 1997, Larsson [163] used an iterative finite element model updating (FEMU)
inverse method to identify the orthotropic elastic constants of spruce plates using experimental
modal data. The method relied on minimizing the error between simulated and measured
frequencies of the thin plate under test. As with previous methods, the estimation procedure
was tailored for plates under free BCs.

In 2011, Pérez Martinez, Poletti, and Gil Espert assessed the impact of moisture content
on the estimated in-plane elastic constants of thin wooden plates used in instrument making
[179]. As in earlier studies, a FEMU routine was implemented to minimize the difference
between numerical eigenfrequencies and experimental data.
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In the past decade, several studies have focused on developing new methods and tools to
estimate the elastic constants of wood for musical instrument making. Zhou et al. conducted
a comparative study on measuring the elastic constants of wooden plates using modal testing
under three BCs: all sides free (FFFF), one side simply supported (SFFF), and two opposite
sides simply supported (SFSF) [290]. They first obtained estimates of the main thin plate
elastic constants using closed-form equations from the Rayleigh method, and then applied
the FEMU technique to refine those estimates. A sensitivity analysis was also carried
out to determine which vibration modes were most influenced by each elastic constant,
enabling targeted frequency selection for inverse calculation. The results demonstrated that
appropriate BCs and mode selection are critical for accurate non-destructive estimation of
elastic properties.

In 2018, inverse methodologies were further refined by Viala, Placet, and Cogan, who
proposed an updated version of the FEMU approach named FUM-3DVF [274]. This version
combined 3D laser vibrometry experimental data with FEM modeling to estimate the elastic
constants and damping properties of complex-shaped geometries (e.g., violin top plates),
with errors confined between 5.9 % and 8.5 % for the two Young’s moduli in the longitudinal
and transverse directions and the longitudinal-to-transverse shear modulus. The method
was subsequently applied to investigate the natural variability of mechanical properties in
different wood species for instrument making [275].

From a different perspective, Igea and Cicirello recently proposed an estimation routine
[138, 140] inspired by the earlier work of Woodhouse and Caldersmith [183, 53]. Starting
from closed-form equations derived via the Rayleigh method and using EMA combined with
Chladni pattern techniques [64], an initial guess of the Young’s moduli, shear modulus, and
Poisson’s ratio is obtained. This is then refined through an iterative optimization process
involving comparison between experimental data and a numerical model based on either a
Rayleigh–Ritz or FEM approach. Despite requiring only low-cost equipment, the method
might still demands extra sample preparation to estimate all elastic constants.

1.2.3 Standard defined methods

Roohnia et al. assessed the elastic features of Arizona cypress logs to determine the impact
of growth rings on their suitability for instrument making [231]. To do so, they estimated the
longitudinal Young’s modulus based on the ASTM C1548-02 standard. However, it has to
be noted how since this standard assumes perfectly isotropic samples, it cannot be used for
accurate estimation of all the wood elastic constants.
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Other research has adapted similar resonance-based techniques to account for wood’s
orthotropy. Among these, the flexural vibration method has been employed to estimate
both the longitudinal Young’s modulus and the longitudinal-transverse shear modulus for
freely supported wooden samples [286]. This approach has been standardised for wood-
based materials in ASTM D6874-12 and additional studies have explored the use of flexural
vibration tests to estimate the Young’s modulus values of solid wood specimens[287, 219].
Although the method offers a convenient and practical way for estimating the main elastic
properties of wooden samples, its applicability is limited to specific BCs. Furthermore,
additional sample preparation may be required when elastic constants in different directions
are needed.

1.2.4 Other experimental methods

In addition to the approaches described above, several further techniques have been proposed
in the literature and are worth mentioning here for completeness. In 1984, Bucur and Archer
explored the use of ultrasound-based techniques [45]. The study demonstrated the feasibility
of retrieving the full orthotropic elastic tensor from wave velocity measurements in small
wood samples. The estimation is performed by conducting as many velocity measurements
across different fiber directions as the number of independent wood elastic constants (i.e.,
nine). While good accuracy is observed in the estimation of Young’s and shear moduli,
Poisson’s ratios proved more error-prone in this method, as their calculation relies on off-axis
measurements, which are strongly affected by scattering and attenuation effects caused by
wood inhomogeneity.

A decade later, the work published by Kahle and Woodhouse [148] proposed a model
based on a microscopic geometrical analysis of softwoods, leveraging a pre-existing hon-
eycomb model [6] that assumes literature-based cell-wall elastic properties. The study
highlighted the impact of assumed cell-wall properties on the resulting estimated elastic
constants, ultimately suggesting adjustments to the values reported in the literature to improve
agreement with experimental data.

In 2001, Urgela proposed a nondestructive tool combining earlier advancements in the
use of ESPI for EMA with colorimetric testing of the wood surface to characterize different
wood types [263].

Static tests were also used in a nondestructive manner on spruce samples for guitar
soundboards [86]. The study proposed relationships among mechanical properties of thin
plates used in instrument making, thus allowing luthiers and manufacturers to reduce time
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and cost while aiming for acoustically consistent instruments. Despite being nondestructive,
the method still depends on tensile and three-point bending tests that require specialized
lab equipment, which may be expensive, difficult to access, and not ideally suited for users
without technical expertise.

Recent studies have also explored the use of neural networks (NNs) to accelerate inverse
estimation routines that traditionally rely on finite element method (FEM) simulations [18,
17]. In this framework, NNs are trained on large datasets generated via FEM simulations,
where material and geometrical parameters are independently sampled from Gaussian distri-
butions. In the optimization phase, a cost function is minimized to match the measured and
NN-predicted modal features. While this approach significantly reduces computational de-
mands compared to full FEM-based model updating, it requires generating new FEM datasets
and retraining the networks when different geometries or material classes are considered.

Overall, the estimation methods developed over the last decades have primarily focused
on improving either result accuracy, cost-effectiveness, or computational efficiency. However,
most approaches tend to emphasize one of these criteria at the expense of the others. As a
result, many estimation routines rely on high-end equipment and costly experimental setups,
limiting their accessibility. At the same time, a significant number of techniques are restricted
to rectangular plate samples under idealized free boundary conditions, which might constrain
their applicability when dealing with different practical contexts. A summary of the gathered
data is presented in 1.1.

Method used Number of collected studies References

Semi-analytical 12 [53, 54, 55, 116, 95, 108,
173, 183, 184, 220, 221]

Numerical 16 [15, 16, 72, 73, 100, 101,
138, 139, 161, 160, 163,
179, 207, 268, 275, 290]

Standard 3 [230, 285, 286, 219]

Other 6 [17, 18, 45, 86, 148, 263]

Table 1.1 Summary of collected studies on elastic constants estimation for wood plates and
musical instrument plates, grouped per method used.
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1.3 Modal Analysis of musical instrument plates

As highlighted in the previous section, modal parameters are crucial in order to characterise
the material properties of musical instruments’ soundboards and plates. Accordingly, vibroa-
coustics analysis is instrumental when investigating the mechanical and acoustical properties
of historical instruments [97, 29] or when evaluating the impact of design changes on their
acoustical signature [42, 117, 92]. The following sections will provide a general overview of
current research and findings, and highlight the need for future research to be conducted.

Vibrating structures such as musical instruments are characterized by specific modes
of vibrations [123]. Accordingly, as these structural vibrations can be considered to be
linear, modal analysis techniques allow for the investigation of their natural frequencies,
modal damping and mode shapes [123, 234]. By providing a more detailed examination of
the characterization techniques introduced earlier, the following literature review explores
the experimental setups, measurement equipment, and numerical techniques commonly
employed to extract modal parameters from musical instruments’ soundboards.

1.3.1 EMA of soundboards and musical instrument plates

Traditionally, when performing modal analysis measurements, the interested structure is
excited by a defined force whose response is measured and analysed as a frequency response
function (FRF) [234], defining the relationship in the frequency domain between an input
and an output signal of an assumed linear and time-invariant system. In order to generate and
capture the FRF, sound sources and receivers must be defined.

Excitation techniques

Common excitation approaches for modal analysis include impulsive (i.e., impact hammer)
and shaker-based setups [234, 98, 14, 260]. Both have been widely applied to string-based
musical instruments [242, 32, 67, 93, 176, 175, 224, 282, 289, 19]. Impact testing with
a hammer requires multiple impulse responses to be measured and averaged to improve
measurement reliability. However, human error can often lead to inconsistencies, such as
double hits on the structure under test. In a study on violins, Duerinck et al. [85] stressed
that, beyond the risk of damaging historical instruments, the reliability of impact hammer
testing heavily depends on the operator’s skill, reducing the repeatability of the procedure. To
overcome these issues, automated impact hammer systems have been developed, including
linear actuators, beam-bending systems, and rotating mechanisms [171, 23, 34, 196, 144].
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Leveraging this approach, several studies have aimed to implement low-cost experimental
setups for EMA on string instruments. Singh and Moore [240] proposed a low-cost automated
hammer using affordable automation equipment. However, a commercial impact hammer
was still used as the sensor, only partially reducing overall setup costs. Focusing on musical
instruments, Curtin developed a dedicated rig for violin sound radiation measurements using
a swinging hammer mechanism [69], later refined and standardized for consistent sound
radiation testing [146, 70]. Rau introduced a cost-effective 3D-printed setup for modal
analysis of soundboards, utilizing a piezo sensor to capture the impact force [225]. Low-cost
impact techniques have also been explored for tonewood analysis. Rau built a device with
two piezo sensors—one for input and one for output—to estimate sound speed based on
time-of-flight between the signals [225]. Similarly, Jost compared a simple longitudinal
standing wave measurement setup using a hammer to the commercial Lucchi Meter device
for estimating sound speed and Young’s modulus [147], finding good agreement, though
sample preparation was more demanding in the low-cost method. Despite its popularity, the
impact hammer method poses risks for historical or fragile instruments. Soft covers can be
used to prevent damage but reduce the frequency range of the excitation [98]. To minimize
such compromises, alternative experimental techniques have been explored. Le Moyne, Le
Conte, and Ollivier performed modal analysis on a fragile historical harpsichord using a
single impact recorded via a large microphone array [165].

Another well-established excitation method in EMA is the use of shakers—classified
into mechanical, electromagnetic, and electrohydraulic types [98]. While offering more
controlled excitation, shakers can affect structural dynamics through the added mass and
stiffness of their stingers [14]. Pyrkosz and Van Karsen [217] observed that using a shaker on
a violin soundboard led to higher detected frequencies than with an impact hammer, due to
stiffening effects. Duerinck [85] reported similar discrepancies between shaker and hammer
results for the main signature modes of a violin. To lower costs, Ausiello proposed using
a budget-friendly electromagnetic exciter with the exponential sine sweep (ESS) method
developed by Farina [103, 102], applying it to modal testing on string instruments [10, 12].
A less traditional method is the acoustic excitation via a speaker. Among different excitation
methods, Duerinck identified the speaker as the most safer and faster reliable alternative
when performing modal analysis measurements on musical instruments under laboaratory
settings [85]. Several researches have adopted the acoustic excitation for EMA purposes [90,
172, 203].

However, results can be sensitive to speaker placement, requiring multiple excitation
points for thorough modal identification [84]. Moreover, although ideally conducted in an
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anechoic environment to reduce acoustic reflections [91, 90], the unknown input force limits
its use for full modal parameter identification [85]. Finally, high sound pressure levels (SPLs)
may be needed to sufficiently excite the structure [172].

Acquisition techniques

Regarding the acquisition system, accelerometers represent the most traditional method
for capturing output signals and have been widely used in EMA measurements on various
chordophones [229, 68, 92, 200, 168, 36, 188]. Like shakers, accelerometers add mass to the
structure, which can significantly affect the experimental data, as confirmed by several studies
[33, 85, 7]. Therefore, a balance must be struck between measurement accuracy, precision,
and practicality [22]. Alternatively, low-cost sensors have been proposed as replacements for
expensive commercial accelerometers [225, 147].

The Laser Doppler Vibrometer (LDV) is a widely adopted non-contact measurement
device used to acquire vibroacoustic properties of musical instruments via surface velocity
measurements, without introducing mass loading or damage to the instrument [175, 203,
172, 41, 270, 31]. A comparison between LDV and traditional accelerometers conducted by
Mansour, Scavone, and Freour [174] revealed that accelerometers significantly influenced
the detection of natural frequencies and modal shapes, reinforcing the benefits of LDV
systems. However, LDVs and scanning LDVs (SLDV) remain costly and are limited by their
line-of-sight requirements and susceptibility to speckle noise [98, 178, 145].

Microphones offer a more affordable and non-contact alternative for acquisition [90, 229,
200, 262, 188, 10, 12], and have been used in estimating material properties of wooden
samples [135, 177, 256, 147]. Nonetheless, these approaches often lack rigorous validation
against standard EMA setups. In other cases, microphones have been combined with
accelerometers on the instrument soundboard to evaluate sound radiation and radiation
efficiency [69, 221, 222, 259, 246, 112, 261]. A notable microphone-based acquisition
technique is the INAH method proposed by Le Moyne, Le Conte, Ollivier, Frelat, Battault,
and Vaiedelich [165] Le Moyne et al. [165], adapted from nearfield acoustic holography
(NAH) [201, 281, 280, 181, 267] to accommodate impulsive excitation. This approach
reconstructs the normal velocity field of a vibrating surface from near-field acoustic pressure
measurements taken over a planar grid. A similar method, Statistically Optimized Nearfield
Acoustical Holography (SONAH), demonstrated good agreement with standard EMA setups
[35]. As this type of acquisition does not directly capture the structural vibration of the
surface, modes with low radiation efficiency may not be detected [35]. Furthermore, while
semi- or fully anechoic conditions are ideal for preserving signal-to-noise ratio, the use of
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large microphone arrays can make the setup costly and logistically challenging. In general,
while these studies underline the importance of non-destructive methods for safeguarding
fragile historical artefacts, they also open the possibility of adapting such techniques to
controlled experimental settings, an idea further developed in the context of this thesis.

1.3.2 Numerical modal analysis of musical instruments soundboards

In the last two decades, researchers have extensively applied numerical modeling to the
modal analysis of soundboards in stringed musical instruments. Computational simulations
have complemented experimental approaches, either by enabling model-based updating
estimation methods for material characterization or by offering insights into how design
changes could affect vibrational and structural behavior [113, 274].

For this purpose, finite element methods (FEM), boundary element methods (BEM), and
finite difference methods (FDM) have been employed [150, 30, 191, 279]. While BEM
focuses only on the boundaries of the modeled domains, making it more suitable for sound
radiation modeling [150, 249, 248], FDM has traditionally been applied to simpler geometries
that can be easily discretized on structured grids [150] and in sound synthesis applications
[30, 278, 212, 82].

On the other hand, despite its higher computational cost, FEM has become the predom-
inant numerical technique for analyzing and extracting modal parameters from musical
instruments, thanks to its flexibility in handling complex geometries [285, 65, 221, 186, 117,
122, 121, 176, 208, 141, 190]. This approach has proven especially valuable in restoration
studies as it allows to investigate] the effects of structural modifications on historical and frag-
ile instruments [211, 226] without affecting their integrity. Le Conte et al. [165] implemented
a FEM model of an ancient harpsichord to predict the impact of restoration interventions.
Their work showed how FEM can be used to optimize restoration choices, ensuring low shear
stress gradients while preserving the soundboard’s modal behavior. Konopka, Ehricht, and
Kaliske [154] demonstrated how a FEM model of a clavichord can accurately simulate hy-
gromechanical loading, reinforcing FEM’s role in supporting conservation efforts. Almanza
et al. [3] combined experimental and numerical studies using an uncalibrated FEM model of
an ancient lute to assess the effects of assembly and gluing processes. The study validated
the predictive capability of FEM in modeling modal trends due to assembly procedures.

More recently, several studies have combined imaging-based nondestructive testing
(NDT) techniques with FEM modeling to analyze structural and modal behavior and support
restoration efforts. These methods are particularly relevant for historical instruments, as they
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provide otherwise inaccessible geometrical details. For example, Coaldrake [65] created a
FEM model of a Japanese Koto using computed tomography (CT) scans, achieving good
agreement between experimental and simulated vibrational behavior. Similarly, Plath and
Kirsch [151] outlined a workflow using open-source software to create a FEM model of an
ancient violin from CT data, although no FEM analysis was included in that study. Carvalho,
Debut, and Antunes [59] presented a step-by-step workflow for physical modeling and
sound synthesis of historical bells, using structured-light scanning to generate a FEM model
for modal analysis, which was validated through EMA and used for time-domain modal
synthesis.

Finally, Viala et al. [271] derived a FEM based model of an ancient damaged cello by
Pietro Guarnieri (1734) from 3D radiographies. However, for the purpose of the study, the
identified internal damage caused by an insect gallery is simplified as a circular material
removal, and a surrogate model is used to perform a static analysis. In all the mentioned
case studies, precise material properties and the model’s geometry are crucial to ensure
accurate and reliable values. While data collected from experimental measurements can
be used to validate computer-based simulations [42, 272, 13], the anisotropic (mainly
orthotropic) properties of wood used in instrument soundboards have an impact on the
validity of mathematical simulations. Their influence was discussed in [13, 285, 284,
198].The difficulty in accurately defining wood properties is particularly relevant for ancient
instruments, whose mechanical properties are difficult to determine, either experimentally
or numerically. To address this uncertainty, Viala et al. [271] proposed an info-gap-based
static analysis framework. This is a non-probabilistic decision-making approach designed to
evaluate system performance under conditions of severe uncertainty, especially when precise
probabilistic information is unavailable. Such an investigation can serve as a powerful tool
for supporting restoration decision-making when high uncertainty in material properties is
present.

1.4 Literature summary and discussions

From the brief literature reviews presented, several research trends can be observed. First,
recent advancements in the characterization of the mechanical and physical properties of
musical instrument plates or tonewoods have increasingly relied on combined numerical
and experimental approaches. These often include iterative procedures aimed at minimizing
discrepancies between experimental modal parameters and simulated data to refine the
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estimation of the main elastic constants of plate-like components. However, most of these
estimation techniques have been validated primarily on rectangular samples under fully free
boundary conditions. Thus, there is a clear need for more flexible methods that can take into
account different sample geometries and various boundary conditions. Such adaptability
would be particularly valuable in experimental scenarios where conventional setups may
not be feasible—especially in instrument-making processes or restoration interventions with
limited accessibility.

With respect to modal analysis techniques used to retrieve the necessary modal parame-
ters, non-contact methods are generally preferred. These minimize the influence of added
mass and reduce the risk of damaging fragile structures. Among these, impact hammer excita-
tion is widely used as a practical method that avoids altering the mass of the structure. While
potentially invasive for delicate components, previous studies have shown that the number of
impacts can be minimized to limit the risk of damage [165, 261]. Acoustic excitation, on the
other hand, offers a safer alternative for historical instruments but requires semi-anechoic
or fully anechoic environments and high sound pressure levels (SPLs) to adequately excite
the soundboard over a wide frequency range—conditions that may be difficult to achieve in
practice. Laser Doppler Vibrometry (LDV) and Scanning LDV (SLDV) systems, though
widely used for their precision and non-contact nature, are costly and may not be accessible
as practical tools for restorers or instrument makers. Microphones offer a more affordable and
non-invasive acquisition solution but are sensitive to the surrounding acoustical environment
and may not effectively capture the actual vibrational response of the soundboard. Although
recent signal processing advancements using large microphone arrays show promise, these
methods still involve substantial costs and setups that may not be practical for non-specialist
users. Overall, it is clear that despite the importance of non-contact techniques for the
study of fragile historical instruments, their direct implementation often remains impractical.
However, as anticipated in Section 1, the present thesis focuses on the development of ex-
perimental techniques tailored to the context of instrument making and digital conservation.
Within the NEMUS project, this is pursued through collaborations with luthiers and restorers,
where accurate replicas provide a safe and flexible ground for testing. This perspective
emphasizes that the experimental methods developed here are not conceived solely as tools
for heritage conservation, but as user-friendly and workshop-oriented procedures designed to
directly support instrument makers and restorers. Within this context, although they entail
computational and financial demands, FEM has proven to be the most widely used and
effective approach for predicting the modal behavior of musical instrument soundboards.
FEM-based virtual prototyping has been especially valuable as a decision-making tool in
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restoration efforts and in assessing the impact of structural design changes [249, 3, 165].
Finally, it is important to highlight how in the last decade, several studies attempted to
establish an analysis framework for the structural and acoustical behavior of ancient musical
instruments, starting from a geometrical non-invasive scanning to the implementation of
a FEM model for either sound synthesis or restoration purposes. Nonetheless, various 3D
scanning techniques exist, each with its own limitations and intended applications [218]. As
a result, different instruments and case scenarios may present distinct challenges, requiring
tailored frameworks for the specific needs of individual musical instruments.

1.5 Thesis objectives

This thesis will therefore address multiple objectives:

• Propose and validate an inverse parameter estimation method for the elastic
constants of musical instruments plates. The method will rely on the plate modal
data and explicitly designed to handle arbitrary BCs, ensuring a reliable applicability
in realistic, workshop-related scenarios where varying experimental setups may be
required.

• Validate an open-source software tool to support the estimation routine. This
tool will make the estimation method accessible by avoiding the need for commercial
software.

• Validate a user-friendly and cost-effective framework for wideband modal anal-
ysis. The framework will enable reliable broadband experimental measurements of
vibroacoustic properties using simple setups, eliminating the need for high-end special-
ized equipment. Wideband capability is particularly relevant in this context, as higher
frequencies become increasingly important when smaller samples are tested, or when
a full-spectrum analysis of an instrument or component is required. By making such
measurements accessible, the method lowers barriers for both instrument makers and
restorers, supporting workshop-related practices.

• Propose a practical framework that integrates available numerical and experimen-
tal tools to assist restorers and instrument makers in addressing restoration and
conservation challenges. This framework considers both methodological reliability
and the practical constraints of heritage conservation scenarios. It will integrate exist-
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ing advancements within a broader workflow while also expanding the methodology
to new use cases and ensuring that it can be replicated and applied consistently.

• Lay the foundations for a conservation and restoration framework for historical
musical instruments. The proposed framework will integrate the outcomes of this
research with established diagnostic methods, such as computed tomography (CT) data,
offering a practical basis for informed decision-making process in the conservation
and restoration of historical instruments.

1.6 Thesis Outline

The thesis is divided into five chapters. The core research objectives introduced in 1.5 are
presented and discussed in chapters 3, 4, 5 and 6.

Chapter 2 introduces the necessary theoretical background related to the elastic behavior
and mechanical variability of tonewoods. The main dynamic plate models are presented,
introducing the relevant thin and thick plate models. Finally, the essential concepts of
Experimental Modal Analysis (EMA) are outlined, along with the basic principles of the
Finite Element Method (FEM).

Chapter 3 introduces an inverse method for estimating the main thin-plate elastic con-
stants. The method is benchmarked numerically using commercial FEM-based software and
experimentally validated on a tonewood sample. A first case study is also reported, exploiting
the method to compare the elastic constants of aged and non-aged tonewood samples.

Chapter 4 discusses the implementation and validation of a resource- and cost-efficient
measurement ecosystem for the material characterization of musical instrument plates. An
application to real instrument plates is provided, along with a discussion on the reliability of
estimated data from tonewood samples for predicting the modal behavior of worked plates.

Chapter 5 presents an analysis framework to distinguish between thin and thick plate
regimes in the modal domain, supporting the validity of elastic constant estimations. A
numerical case scenario is also given to show the applicability of the framework.

Chapter 6 focuses on evaluating the influence of material property uncertainty on the
structural behavior of a full soundboard model of a historical musical instrument. It examines
the influence of different assumed material values, derived both from literature and exper-
imental data. The chapter presents results from both deterministic and info-gap analysis
approaches, inspired by recent research, and discusses their implications for conservation
strategies. Finally, the chapter aims to lay out the foundations for a comprehensive reverse
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engineering protocol for decision-making processes in the restoration of historical musical
instruments.

Chapter 7 provides a summary of the main research outcomes achieved from this thesis
and suggests future research perspectives.
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Chapter 2

Material properties and modeling of
musical instruments plates

In this section, the necessary theoretical background is presented to provide the reader with
the fundamental terminology and standard definitions relevant to the context of this work.
The aim is to outline the essential concepts required to understand the research conducted
in the following chapters. First, a concise overview of the structure of wood and its main
mechanical and physical properties is given. Then, the core modal properties considered and
evaluated throughout this thesis are described. Finally, the two plate models considered in
this work are introduced and discussed, together with a brief conceptual presentation of the
numerical techniques adopted in the subsequent chapters.

2.1 Brief anatomy of wood

Wood is a complex biological material with a hierarchical structure spanning multiple length
scales [115]. Representation of its structure is given in Figure 2.1. An understanding of
wood’s anatomy is essential before delving into its material properties, as many chordophones
(e.g., violins, pianos, guitars) rely on specific woods whose acoustic and mechanical behavior
are direct outcomes of their anatomical features [46, 47, 48].

Macroscopic view

Figure 2.2 illustrates a macroscopical view of a trunk of a tree. The main elements, including
the outer bark (ob) and inner bark (ib), the vascular cambium (vc), the sapwood, and the
heartwood, can be observed. At this scale, wood is recognizable by its annual growth rings,
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(a) From [115]. (b) From [133].

Fig. 2.1 Illustrations of wood’s hierarchical structure.

color variations (e.g., sapwood vs. heartwood), and grain patterns. Growth rings (or annual
rings) are concentric layers of wood produced by a tree in each growing season. Each growth
ring consists of an inner zone called earlywood (formed at the start of the growing season)
and an outer zone of latewood (formed later in the season). Earlywood is characterized by
cells with larger diameters and thinner walls, giving it a lighter color and lower density,
whereas latewood cells have smaller diameters and thicker walls, appearing darker and denser
[237, 233]. Density variations at the macroscopic scale are largely tied to the proportion of
latewood versus earlywood in each annual ring and the presence of different tissue types.
These structural non-uniformities play a significant role in the vibroacoustics behavior of
soundboards. This will be discussed in the following sections.

Woods are traditionally classified into “softwoods” and “hardwoods”, which mainly
differ in the types of cells and so in their appearance [237] as it is reported in the data
from Table 2.1. However, these terms are associated with two different botanical groups,
namely gymnosperms and angiosperms, rather than their inherent hardness [233].Table 2.2
reports density and Longitudinal Young modulus literature values of common examples for
hardwoods and softwoods. The data shows how differences between hardwood species can
be larger than those between hardwoods and softwoods. Material and physical properties
will be introduced and discussed in more detail in the following Sections.

The term “grain” refers to the directionality and alignment of wood fibers. Wood is
considered an orthotropic material, meaning its mechanical behavior differs along three
principal axes relative to the grain orientation. Wood for musical instruments, such as
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Fig. 2.2 Macrospcopical view from [233].

soundboards and plates, is generally referred to as quarter-sawn wood, meaning that the
blanks are radially cut from the logs. A comparison between quarter sawn cutting and the
standard plain sawn cutting is shown in Fig. 2.3. Despite most of string based musical
instruments (e.g guitar, violin, piano, kantele, harpsichord) are generally built from quarter
sawn wood [232], plain or flat sawn wood has been reported in the construction of the main
components (e.g. soundboards, top and back plates, bridges) of different chordophones
including the Koto or the Hammered Dulcimer [276, 210]. Overall, wood used for making
musical instruments is generally referred to as tonewood.

Fig. 2.3 Comparison of blanks cutting techniques. Quarter sawn (in blue) against plain sawn
(in red) cutting. L,R,T respectively denote the longitudinal, radial and tangential directions
relative to the fiber orientation.
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Parameters values for different species

Softwoods Abies alba Picea abies Pinus sylvestris
Density
(kg/m3)

410 430 490

Cell dimensions: tracheids
Length (mm) 4.3 2.9 3.1
Diameter
(µm)

50 30 30

Cell percentage
Tracheids 90 95 93
Parenchyma Scarce 1.4–5.8 1.4–5.8
Rays 9.6 4.7 5.5

Hardwoods Fagus sylvatica Quercus robur Populus spp.
Density
(kg/m3)

680 650 400

Cell dimensions: vessels
Length (mm) 3–7 1–4 5–20
Diameter
(µm)

5–100 10–400 20–150

Cell percentage
Fibers 37 43–58 62
Vessels 31 24 27
Parenchyma 4.6 4.9 0
Rays 27 16–29 11

Table 2.1 Comparison of averaged cell dimensions values for some hardwoods and softwoods
wood species from [46, p.2].

Microscopic view

Softwoods generally have a simpler microstructure, with only a couple of cell types domi-
nating: tracheids and parenchyma cells. The first are long cells arranged in a longitudinal
direction. These occupy most of the wood volume and are constituted by a primary and a
secondary layer. The second layer is made of an additional three sublayers. While tracheids
provide mechanical support and conduct water through the pits connecting the adjacent
tracheids, their ordering significantly influence the wood mechanical properties [233, 270].
Ray parenchyma cells constitute only 5 to 10% of wood volume in softwoods. These are
usually narrower in softwoods than in hardwoods, and they form the rays transverse to the
annual rings. Axial parenchyma are also sometimes present in softwoods, but these are
arranged as vertical strings of cells within the axial system [233]. In contrast, hardwoods
are characterized by a much more complex structure, including characteristic parenchyma
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Species Density (kg/m3) Longitudinal Young Modulus (GPa) Classification

Oak 660 5.3 Hardwoods
Beech 750 13.7 Hardwoods
Spruce 440 15.9 Softwood
Fir 450 12.7 Softwood
Scotch pine 550 16.3 Softwood

Table 2.2 Density and longitudinal Young’s moduli of various wood species. Values taken
from [46, p.46].

patterns, several fibers, tracheids, and vessels. Fibers provide the mechanical support, while
vessels are responsible for water conduction [233, 243, 46]. An illustration of the structural
complexity in the arrangement of hardwood cells compared to softwood is given in Figure
2.4.

Fig. 2.4 Comparison between softwood (left) and hardwood (right) cells arrangement (left)
reported in [243].

The material properties of the cell walls, together with their geometrical configuration,
govern the macroscopic elastic behavior of wood [148]. At the scale of interest considered in
this work, wood can be represented as an orthotropic continuum, as will be illustrated in the
following sections.
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2.2 Elastic and physical properties of tonewoods

Understanding the elastic behavior of wood is fundamental for analyzing the mechanical
response and vibroacoustic performance of string-based musical instruments. This section
introduces the elastic behavior of tonewood together with the main physical properties
traditionally used to grade and quantify its acoustic performance. A discussion on the natural
elastic properties variability in tonewoods and the main sources of uncertainties affecting
their mechanical features is also given.

2.2.1 Wood elastic behavior

Stress and Strain

Elasticity describes a material’s ability to return to its original shape after being deformed
by an external force. Stress si j is defined as the internal force per unit area acting within a
material, while strain ei j represents the relative deformation of the material. Considering a
given surface with orientation defined by axes i and j, the cross-sectional area is denoted as
Ai j and the stress component is defined as:

si j =
Fj

Ai
(2.1)

The indices i and j represent directions within a three-dimensional Cartesian coordinate
system and are chosen from the three orthogonal axes, conventionally labeled as {x, y, z} (or
equivalently {1, 2, 3} ). Fj is the force component acting in the j direction and Ai is the area
of the face normal to the i axis. If i = j the corresponding stress component is normal to the
surface. Conversely, if i 6= j it represents a shear stress component.

In the context of an infinitesimal volume element, ei j defines the local displacement u in
the i and j directions under deformation:

ei j =

✓
∂ui

∂x j
+

∂u j

∂xi

◆
(2.2)

24



Fig. 2.5 Simplified visual representation of a stress-strain curve. The yield stress point marks
the onset of plastic deformation. A more comprehensive explanation is offered in the relevant
literature [194, 232].

As per the stress components, if i = j the force is applied to the face normal to the i axis,
resulting in axial deformation. On the other hand, if i 6= j, the force is applied transversely to
the surface, causing shear strain. It is also worth noticing how the stress and strain tensors
are considered symmetric, meaning that si j = s ji as well as ei j = e ji.

The relationship between stress and strain are crucial to characterize the elastic behavior
of wood material properties. This is observed by the so called stress-strain curve. This is
generally obtained by applying a fixed load to the specimen while measuring the deformation.
From the curve, different material properties can be estimated, and the elastic regime can be
identified. Within this region, stress and strain remain proportional and reversible. However,
beyond a certain threshold, known as the yield point or stress, this proportionality breaks
down. The corresponding stress value is called the yield stress (or yield strength), and it
marks the onset of permanent, plastic deformation [194, 232]. An illustration of the yield
stress point from the stress-strain curve is given in Figure 2.5. For wood and other orthotropic
materials, this threshold is not uniform across all directions due to their orthotropic structure.
Materials also exhibit a yield shear stress (or shear yield strength), which characterizes
the material’s resistance to permanent deformation under shear loading. Both yield stress
and shear yield stress are essential in defining the design limits of wooden components
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under mechanical loading. They help establish failure criteria, thus guiding safety factors in
structural applications, as it will be discussed in Chapter 6.

2.2.2 Mechanical properties

Young Modulus

The Young’s Modulus, also known as the Modulus of Elasticity, is a measure of stiffness for
an elastic material before plastic deformation occurs, i.e., until a proportional ratio can be
maintained between stress and strain. Assuming uniaxial stress along the i component and
strain components, it can be calculated by Hooke’s law:

sii = Ei eii (2.3)

Where Ei is the uniaxial Young modulus in the i direction. Ei is measured in Pascal (Pa).

Shear modulus

The shear modulus Gi j or modulus of rigidity quantifies a material’s resistance to deformation
under shear stress. It is measured in Pa and defined as:

si j = Gi jei j (2.4)

Poisson’s ratio

The Poisson ratio defines the transversal to the normal strain ratio, measuring the deformation
of a solid body perpendicular to the loading direction, defined as:

ni j =�
ei j

eii
(2.5)

Where the minus sign ensures that ni j remains positive. Accordingly, when eii > 0 (axial
elongation), ei j < 0 (transverse contraction), leading to a positive value for ni j.
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When a full 3D deformation is considered, under the hypothesis of orthogonal anisotropy,
the elasticity equations are described compactly as:
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Where S contains the elastic constants:

S =
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Because of the material symmetry, the following relations exist:

ni j

Ei
=

n ji

E j
, 8i, j (2.8)

Thus, only three Poisson’s ratios can be used and nine elastic constants are sufficient to fully
characterize the material elastic behavior, namely Ex,Ey,Ez,Gxy,Gyz,Gzx,nxy,nyz,nzx.

2.2.3 Physical properties

The above mentioned mechanical wood properties directly shape the corresponding acoustical
features. In particular, the material density r , Ex and the internal damping have been identified
as the key influencing material properties [288, 236, 277, 275]. The latter can be evaluated in
terms of loss coefficient h , quality factor Q, logarithmic decrement d or damping coefficient
x [118, 209, 277, 220]. These are introduced in more detail in Section 2.3. Based on these
material properties, a large variety of physical metrics have been established to classify
tonewoods. Some of the main measures are reported in Table 2.3.
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Parameter Definition Reference

c =
q

E
r Speed of sound [119]

z = cp =
p

Er Material’s impedance [119]

d = log w(t)
w(t+T ) Logarithmic decrement [118, 225]

Q = f0
f2� f1

Quality factor [118]

h = 1
Q = d

p = tany Loss coefficient [277, 58]

c
r Sound speed / density [239]

R = c
r =

q
E
r3 Sound radiation coefficient [277]

ACE = RQ =
q

E
r3 Q Acoustic conversion coefficient [220, 288, 202]

c
r Antivibration parameter [288]

cQ Transmission parameter [288]

EL
r Specific modulus of elasticity in the longitudinal direction [58, 275]

ER
r Specific modulus of elasticity in the radial direction [275]

GLR
r Specific shear modulus in the longitudinal-radial plane [275]

Table 2.3 Physical and Acoustical properties used to characterize tonewoods. Several of the
reported parameters are described in detail in Section 2.3.

2.2.4 Impact of density variations, wood aging and wood moisture

Wood density r is primarily influenced by temperature, moisture content (MC), and the
relative humidity (RH) of the surrounding air. In softwoods commonly used for musical
instrument making, r typically ranges from 350 to 500 kg/m3 [47]. This property has a
significant impact on the mechanical rigidity of wood [270]. In general, a lower density is
associated with higher values of Young’s modulus E and, consequently, lower values of the
damping factor h , which is generally desirable in tonewoods [277, 114, 49].
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In tonewoods, r is closely linked to the distribution of annual growth rings, which
results in local density variations within a single wood sample [187, 270]. These internal
variations contribute to appreciable fluctuations in density even among pieces from the same
wood species [275]. The overall wood structure, particularly the proportion of latewood to
earlywood, has a significant impact on density. Latewood, being denser, increases r [233].
Therefore, tonewoods with minor density differences between earlywood and latewood are
preferred to reduce scattering effects and improve uniformity [185, 275].

Generally, woods with high specific modulus (E/r) also tend to exhibit low internal
damping [43]. This means that lightweight, stiff woods like resonance spruce lead to higher
sound radiation coefficient R values but also exhibit moderate damping properties that are
highly desirable for the soundboards of stringed musical instruments [231].

In addition to static mechanical properties, wood density significantly influences dynamic
acoustic response parameters, including wave speed c, acoustic impedance z, and the sound
radiation coefficient R. Specifically, a lower density enhances the R value. Wegst [277]
highlighted that high R and low h are typical features of tonewoods, contributing to superior
loudness and sound projection.

Wood aging also affects the density of tonewoods. One of the main consequences of
long-term natural aging is altered moisture interaction: aged tonewoods typically become
less hygroscopic, meaning they absorb and retain less water than fresh wood. Obataya
(2017) demonstrated that aging leads to a lower equilibrium moisture content at any given
RH, hence improving dimensional stability [199]. Structural changes due to aging restrict
swelling under RH fluctuations—particularly relevant when analyzing historical instruments.
As a result, aged wood often exhibits lower effective density compared to newer samples.
This trend was experimentally confirmed in studies on naturally aged wood from historical
buildings [257].

Accelerated aging through UV exposure has also been shown to reduce density signifi-
cantly—by approximately 19% in spruce and 10% in maple—accompanied by corresponding
changes in stiffness [129]. These reductions are more pronounced in softwoods such as
spruce than in hardwoods like maple. Stoel and Borman [245] further observed that historical
violins exhibited smaller density differences between earlywood and latewood than modern
instruments, suggesting that natural aging may lead to a more uniform internal density.

However, aging also comes with drawbacks. Fracture resistance decreases, brittleness
increases, and long-term durability may be compromised [157]. Noguchi et al. [195] noted
that after approximately 121 years of natural aging, the longitudinal modulus EL can begin to
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decline. Furthermore, aging and prolonged moisture exposure can foster conditions favorable
to mold, blue stain fungi, and insect activity, all contributing to biodeterioration [47].

Wood is hygroscopic and naturally exchanges moisture with its environment. The
moisture content (MC) significantly impacts its mechanical properties and is defined as the
percentage of water relative to the dry mass:

MC =
mwet �mdry

mdry
⇥100 (2.9)

Here, mdry is the oven-dry mass and mwet is the mass at a given moisture content [233].
In freshly cut, or “green” wood, MC can range from 30% to over 200%, depending on the
species. This is due to saturated cell walls and free water in the cell lumina [233]. Generally,
it is recognized how relevant mechanical properties, such as the Young’s modulus E, tend
to decrease as MC increases [162, 219]. Borland [37] observed how the values of modal
frequencies tend to drop at higher MC across guitar soundboards, while the same trend could
not be identified for internal damping. The recent research conducted by Qiu et al. [219] on
quarter-sawn spruce samples showed how the value of h tends to decrease for higher MC
levels and the study highlighted how the loss factor also decreases as frequency increases.
Korkmaz reported that each 1% increase in MC results in a 2.5% decrease in the bending
modulus of elasticity [155]. Studies by Palka [204] and Guitard [128] showed that elastic
constants (Ei j, Gi j, ni j) also vary with MC, with ER and ET more affected than EL. Viala et
al. [270] summarized that a maximum of 3% change in these moduli occurs per 1% increase
in MC.

Typical MC values for string instruments under normal concert hall conditions range
between 7% and 12% [47]. Borland [37] found that modal parameters of guitar soundboards
(frequencies and damping) vary by no more than 2% within this range. Qiu et al. [219]
investigated how MC from 2% to 12% affects quarter-sawn Sitka spruce and Indian rosewood
tonewood samples. First-order resonance frequencies and amplitude ratios decreased by
6.67%–7.63% and 13.84%–31.43%, respectively. Longitudinal modulus EL also decreased
by 4.40%–6.38% at 12% MC. More significant variations were observed in derived proper-
ties: the specific modulus EL/r dropped by 12.90%–14.66%, and the acoustic conversion
efficiency (ACE) fell by over 40% across all samples.

Finally, changes in MC are directly linked to changes in wood density. The density at a
given MC level, rwet , can be estimated as [159]:

rwet = rdry

✓
1+MC

1+0.84 rdry MC

◆
(2.10)
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where rdry is the oven-dry density Qiu et al. [219] observed that increasing MC from
2% to 12% led to a ⇠10% increase in density in both spruce and rosewood. Viala, Placet,
and Cogan also reported an approximate 1% increase in r for every 1% increase in MC
[273]. From a psychoacoustics point of view, Borland [37] investigated in his work Just
Noticeable Difference (JND) levels in MC to be perceptible by participants via listening
tests. The results showed how a 0.7 % variation in MC could lead to a 1 % difference in the
material’s elastic properties and a perceived tonal difference in the proposed sound samples,
thus highlighting the impact of MC. While this thesis does not address the matter of ageing
wood in detail, a brief case study will be presented in Section 3.7 comparing the elastic
properties of aged and not aged tonewoods. Nevertheless, it is relevant for the scope of this
work to conceptually stress how wood ageing can indeed represent a source of uncertainty
when characterizing material properties of historical artefacts.

2.3 Modal properties

While the above-mentioned mechanical features have been generally used to characterize and
cluster different wood types or families [277], a frequency-dependent analysis is necessary
to characterize the dynamical behavior of a musical instrument. Furthermore, as observed
from the literature review in Section 1.2, modal parameters are fundamental in retrieving
the material properties of a specific musical instrument component in a non-destructive
manner through dynamical testing (see Section 1.3). Modal parameters are namely referred
to as natural frequencies, modal damping, and modal shapes [98, 234]. Their definitions are
provided in this section. By recalling the equation of motion for an n-degree-of-freedom
(DOF) linear mechanical system:

M∂ 2w
∂ t2 +C∂w

∂ t
+Kw = F(t) (2.11)

Where M,C and K are the mass, damping, and stiffness matrices, respectively, w is
the displacement vector, and F(t) represents an external force. For an undamped and free
vibration (i.e. C = 0,F(t) = 0), seeking harmonic solutions of the form:

w = feiwt (2.12)

And substituting (2.12) into (2.11), leads to the eigenvalue problem:

(K �w2M)f = 0 (2.13)
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Which can then be solved for specific natural frequencies w and associated mode shapes f .

Natural frequency

From (2.13), each mode has a specific angular frequency wn expressed in radians per second
(rad/s). This is a measure of the angular rate of vibration and it is related to the natural
frequency fn in Hertz by:

fn =
wn

2p
. (2.14)

Mode damping

Modal damping assesses how quickly the vibrational energy of a mode is dissipated. Many
metrics can be used to directly quantify damping, some of the mentioned parameters from
the previous section (see Section 2.2.3) are here discussed in more detail.

The Quality factor Q is defined as :

Q =
f0

f2 � f1
(2.15)

which defines the ratio between the central frequency f0 and the resonance width f2 � f1

(or D f ), where f2 and f1 are the values of the two frequencies whose vibrational amplitude
drops to 1/

p
2 of its maximum value.

The logarithmic decrement d is defined as:

d = log
w(t)

w(t +T )
(2.16)

It quantifies damping from the temporal response of the system by taking the logarithm of
the ratio of two amplitudes from consecutive peaks, denoted here as w(t) and w(t +T ) where
T = 2pi/w is the period of oscillation. This parameter relates to the damping ratio z by:

z =
dp

4p2 +d 2
(2.17)

Lastly, the decay time (or reverberation time) t60 defines the time required for a sound signal
to decay by 60 decibels (dB), and it is also widely used in room and architectural acoustics
[143]. It is expressed as:

t60 = 3log(10)t (2.18)
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Where t = 1/z w0 denotes an exponential decay rate [225].

Mode shapes

Finally, the mode shape fn from (2.13) describes the deformation pattern of a structure at the
same natural frequency fn across multiple points on the system. Mode shapes are determined
by the system’s geometry, material properties, and BCs. Mode shapes may be expressed
as single values when measured at one point on the structure, or as vectors containing
complex amplitudes at multiple points, which can be further decomposed into magnitude
and phase information, hence describing how different parts of the system move relative to
each other [225, 270]. Mode shapes of musical instruments, plates, and soundboards can be
experimentally determined through EMA measurement setups or analytically by utilizing
numerical approximation techniques, which will be discussed in the following sections.

2.3.1 Frequency Response Function

An FRF describes the ratio between the output response of a structure under test and an
applied input force in the frequency domain. In the context of this thesis, an FRF enables the
acquisition of the modal behavior of a soundboard or musical instrument plates, specifically
their natural frequencies, modal damping, and mode shapes.

For forced vibration response, the equation of motion can be solved to obtain a complete
solution, denoted in the frequency domain as the frequency response matrix H(w). Each
Hjk(w) represents the frequency response of the system at a DOF j as a consequence of
an applied harmonic force Fk(w) at a DOF k These FRFs are complex-valued functions
encompassing both magnitude and phase. Using the system modal properties, each FRF is
described as a sum of modal contributions [98]:

Hjk(w) =
N

Â
r=1

Ar
jk

l 2
r �w2 (2.19)

where lr represents the eigenvalue - containing both the natural frequencies and damping
values - of the rth mode while Ar

jk is the modal constant determined from the associated mode
shapes. This modal constant is constructed from the rth eigenvector {fff}r as

Ar
jk = f jr fkr, (2.20)
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with f jr denoting the jth component of the rth mode shape. This formulation offers a clear
illustration relating all the modal properties of the system.

Experimentally, the FRF can be gathered by exciting the structure with a harmonic
input force F(t) and measuring the response signals. The FRF can then be expressed in the
frequency domain as:

Hjk(w) =
Xj(w)

Fk(w)
(2.21)

Where Xj(w) and Fk(w) denote the frequency spectra of the measured response and
input forcing signals [98]. Depending on the transducers used to acquire the response signal,
the FRF can be described as compliance (displacement / force), mobility (velocity/force),
accelerance or inertance (acceleration/force), dynamic stiffness (1/compliance), impedance
(1/mobility), or dynamic mass (1/accelerance) [235]. It is worth noting that, in practice, at
each frequency peak observed in the FRF, a phase shift occurs, resulting in a phase decrease
of 180�. Conversely, each frequency minimum (also known as anti-resonance) corresponds
to a phase shift of 180� [14].

2.4 Plate models

When modeling the behavior of plate-like structures, the choice of model depends on the
thickness. The following section introduces two classical plate theories: the KL model,and
the Mindlin–Reissner (MR) model. The first is suitable for thin plates where transverse
shear deflection can be neglected. While it represents a standard model choice thanks to
its efficiency [30, 74, 123, 132, 258] it can lead to modeling errors as the plate thickness
increases due to the presence of shear and rotary inertia effects [62]. On the other hand,
the Mindlin-Reissner theory [228, 189] provides a more comprehensive model taking into
account shear effects and rotary inertia in plates. Although the two mathematical models are
laid out here, a more thorough and practical discussion is available in Chapter 5.4 where an
example of dispersion relations is presented for an orthotropic rectangular plate in Figure 5.1
and a case study is considered (see section 5.7) highlighting the impact of different modelling
assumptions on plate-like structures.
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2.4.1 Kirchhoff-Love equation

The KL theory is the classical model for thin elastic plates, extending the Euler–Bernoulli
beam assumptions to two dimensions. It assumes the plate’s thickness is small compared to
its planar dimensions. The key kinematic hypotheses imply that plane sections normal to
the mid-surface remain plane and normal to the mid-surface during deformation. Transverse
shear deformation is neglected meaning that a line initially perpendicular to the mid-plane
does not rotate relative to the mid-surface as the plate bends. Let coordinates (x,y) define
the mid-plane of the plate and z the thickness coordinate. The transverse deflection of
the mid-surface is denoted by w(x,y, t). Under KL assumptions, the displacement field is
expressed as [89]:

ux(x,y,z, t) =�z
∂w
∂x

, uy(x,y,z, t) =�z
∂w
∂y

, uz(x,y,z, t) = w(x,y, t).

Here ux,uy are the in-plane displacements and uz is the transverse displacement.
Figure 2.6 illustrates the main KL assumptions for a plate section undergoing deformation,
where the straight lines perpendicular to the mid-surface remain straight to it after deforma-
tion, implying that transverse shear deformation is neglected. Because the KL assumptions

Fig. 2.6 Illustration of KL kinematic assumptions. The deformation is illustrated in light
blue. The straight lines remain normal to the mid-surface after deformation. Figure inspired
from [89].
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state that straight lines initially normal to the mid-surface remain straight and normal to the
mid-surface during deformation, the transverse shear strain vanishes:

exz = eyz = 0. (2.22)

Furthermore, the stress component normal to the mid-surface is neglected so that:

szz = 0. (2.23)

The only nonzero strains are the in-plane normal (exx,exx) and shear (exy,eyx) strains due
to bending curvatures. For small deflections, the strain-displacement relations yield :

exx =
∂ux

∂x
=�z

∂ 2w
∂x2 ,

eyy =
∂uy

∂y
=�z

∂ 2w
∂y2 ,

exy = eyx =
∂ux

∂y
+

∂uy

∂x
=�2z

∂ 2w
∂x∂y

.

(2.24)

For a linearly elastic orthotropic plate under plane stress, Hooke’s law reads:
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approximating 2.6 under KL assumptions. Here Ex,Ey are Young’s moduli in x and y
directions, nxy,nyx are Poisson’s ratios, and Gxy is the in-plane shear modulus. Orthotropy
symmetry implies nxyEy = nyxEx.

The linear stress distribution from (2.25) produces bending moments, obtained by inte-
grating the stress components over the homogeneous thickness h:

Mx(x,y) =
Z h/2

�h/2
zsxx(x,y,z)dz,

My(x,y) =
Z h/2

�h/2
zsyy(x,y,z)dz,

Mxy(x,y) =
Z h/2

�h/2
zsxy(x,y,z)dz.

(2.26)
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Here, Mx is the bending moment per unit length acting on a section normal to x (curving the
plate in the x-direction), My is the bending moment per unit length on a section normal to y,
and Mxy is the twisting moment per unit length.

Substituting into (2.26) yields:

2

664

Mx

My

Mxy

3

775=�

2

664

Dx nyxDx 0

nxyDy Dy 0

0 0 Ds

3

775

2

6666664

∂ 2w
∂x2

∂ 2w
∂y2

∂ 2w
∂x∂y

3

7777775
(2.27)

where the bending rigidities are:

Dx =
Ex h3

12(1�nxynyx)
, Dy =

Ey h3

12(1�nxynyx)
, Ds =

Gxy h3

3
. (2.28)

These constants encompass the orthotropic elastic properties and the cubic dependence on
thickness h typical of bending stiffness. In the KL assumptions, shear forces Fx and Fy follow
from moment equilibrium of an infinitesimal plate element [134]:

Fx =�∂Mx

∂x
�

∂Mxy

∂y
, Fy =�

∂Mxy

∂x
�

∂My

∂y
. (2.29)

The equilibrium in the transverse direction is expressed as:

∂Fx

∂x
+

∂Fy

∂y
+F (x,y, t) = rh

∂ 2w
∂ t2 , (2.30)

where F is the distributed transverse load and rh is the mass per unit area. Eliminating Fx

and Fy from (2.30) using (2.29) gives:

∂ 2Mx

∂x2 +2
∂ 2Mxy

∂x∂y
+

∂ 2My

∂y2 +F (x,y, t) = rh
∂ 2w
∂ t2 . (2.31)
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Substituting the moment–curvature relations from Eq. (2.27):

Mx =�Dx
∂ 2w
∂x2 �nyxDx

∂ 2w
∂y2 ,

My =�nxyDy
∂ 2w
∂x2 �Dy

∂ 2w
∂y2 ,

Mxy =�Ds

2
∂ 2w
∂x∂y

,

into Eq. (2.31)yields the governing equation for a homogeneous orthotropic Kirchhoff–Love
plate:

Dx
∂ 4w
∂x4 +(nyxDx +nyxDy +Ds)

∂ 4w
∂x2∂y2 +Dy

∂ 4w
∂y4 +F (x,y, t) = rh

∂ 2w
∂ t2 . (2.32)

Setting F (x,y, t) = 0 for an unforced response, by rearranging and collecting terms, the
system can be written as:

rh
∂ 2w
∂ t2 =�

✓
Dx

✓
∂ 4w
∂x4 +nyx

∂ 4w
∂x2∂y2

◆
+Dy

✓
∂ 4w
∂y4 +nxy

∂ 4w
∂x2∂y2

◆
+Ds

∂ 4w
∂x2∂y2

◆
w.

(2.33)
For a unique solution, BCs are imposed along the plate’s edges. Classic BCs are defined for
the KL plate model as [80]:

Free : Mnn = Fn = 0,

Simply-Supported : w = Mnn = 0,

Clamped : w =
∂w
∂n

= 0.

(2.34)

Where n̂ here represents the normal direction to the boundary.

Dispersion relation

Assuming an harmonic plane wave solution of the form

w(x,y, t) = w0e j(wt�kxx�kyy), (2.35)

where w0 is the (complex) amplitude, w is the angular frequency, and kx, ky are the wavenum-
ber components in the x- and y-directions, respectively.
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Substituting (2.35) into Eq. (2.33) and applying these rules gives the dispersion relation
for a homogeneous orthotropic Kirchhoff–Love plate:

rhw2 = Dx(k4
x +nyxk2

xk2
y)+Dy(k4

y +nxyk2
xk2

y)+Dsk2
xk2

y . (2.36)

Equation (2.36) relates the angular frequency w to the wavevector components (kx,ky), show-
ing the dependence of the flexural wave speed on both direction and orthotropic stiffnesses.

2.4.2 Mindlin-Reissner model

The Mindlin-Reissner (MR) model generalizes the KL equation for thicker plates by:

• allowing cross sections initially assumed normal to the mid-surface of the plate to
rotate during motion, thus

• accounting for transverse shear deformation and rotary inertia.

The displacements unknowns are here represented by the transverse deflection w and the
two shear angles along the x and y axes, here denoted as yx and yy respectively.

For a homogeneous orthotropic plate, the MR equations can be written as a coupled
system for (yx,yy,w).

For a free orthotropic plate, the Mindlin–Reissner equations used here are

Dx
∂ 2yx

∂x2 +nyxDx
∂ 2yy

∂x∂y
+

Ds

2
∂ 2yx

∂y2 +k2Gxzh
✓

yx +
∂w
∂x

◆
=

rh3

12
∂ 2yx

∂ t2 ,

Dy
∂ 2yy

∂y2 +nxyDy
∂ 2yx

∂x∂y
+

Ds

2
∂ 2yy

∂x2 +k2Gyzh
✓

yy +
∂w
∂y

◆
=

rh3

12
∂ 2yy

∂ t2 ,

k2Gxzh
✓

∂yx

∂x
+

∂w
∂x

◆
+k2Gyzh

✓
∂yy

∂y
+

∂w
∂y

◆
= rh

∂ 2w
∂ t2 .

(2.37)

Gxz and Gyz are the transverse shear moduli and k is the shear correction factor, typically
⇡ 0.9 [124].
The BCs for the MR model can be described as [4, 130]:

Free : Mn = Fn = Mt = 0,

Simply-Supported : w = Mn = yt = 0,

Clamped : w = yn = yt = 0.

(2.38)
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Fig. 2.7 Illustration of the shear angle yx from the MR theory. The straight lines do not
remain normal to the mid-surface after deformation. Figure inspired from [89].

As above, n represents the normal direction to the boundary while t represents the tangential
direction to the boundary.

Dispersion relation

Considering harmonic plane waves solutions of the form:

yx(x,y, t)=yx0e j(wt�kxx�kyy), yy(x,y, t)=yy0e j(wt�kxx�kyy), w(x,y, t)=w0e j(wt�kxx�kyy),

(2.39)
It converts (2.37) into the algebraic system:

�
K(kx,ky)�w2M

�
u = 0, u = [yx0,yy0,w0]

T . (2.40)

This can be solved for w given input kx, ky. It is worth stressing how Equation (2.40) relates
the angular frequency w to the wavevector components (kx,ky) through the eigenvalues of the
system matrix, yielding three dispersion branches corresponding to the coupled flexural–shear
modes of the plate. An illustration of the three branches is provided in Section 5.
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2.5 Numerical techniques for modal analysis

Numerical modeling provides a valuable tool for the modal analysis of orthotropic plate-like
components, such as musical instrument soundboards. These methods allow for evaluating
the impact of material properties, plate geometries, and boundary conditions in a fully
contactless manner. As discussed in Section 1.3.2, FEM-based analysis offers high flexibility
and capability to handle more complex geometries, thanks to its formulation based on shape
functions, which enable the interpolation of displacement between nodal points within each
subdomain, called an element [227, 150]. On the other hand, FDM approaches provide a
simpler and more direct computational framework for structures with regular geometries.
Specifically, the formulation on a uniform grid avoids the use of shape functions and element
assembly, making them well-suited for efficient simulation of simplified plate models [30, 5].

2.5.1 Conceptual comparison of FEM and FDM

Both FEM and FDM are used to approximate the partial differential equations (PDEs) defined
in (2.32) and (2.37), transforming them into systems of algebraic equations. In FDM, the
domain is discretized into a regular grid, and the differential operators are replaced with
finite difference stencils. Derivatives are approximated by computing differences between
neighboring grid points [30], allowing for straightforward updates of nodal displacements
using only local information. This approach applies the governing equations directly at
discrete points.In FEM, the weak form of the PDEs is derived by multiplying by test functions
and integrating over the domain. This leads to the assembly of a global system of equations
discretizing the entire domain through elements, and the solution is approximated by a
combination of shape functions [227, 250]. Overall, while FDM builds the solution through
local operations at each grid point, FEM adopts a variational formulation that ensures the
governing equations are satisfied over the entire domain. The two methods are therefore
conceptually different: FDM performs local approximations at discrete nodes, whereas FEM
constructs a global approximation over the domain [125]. An illustrated comparison of the
two techniques is provided in Figure 2.8. An illustrated comparison of the two techniques is
provided in Figure 2.8.
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Fig. 2.8 Illustrated comparison between FEM (on the left) and FD (on the right) discretiza-
tions. While FEM approximates the solution via a finite sum of test functions over each
element, FD discretizes the differential operators on a structured grid of nodal points. Figure
taken from [81].

Both FEM and FDM ultimately discretize the PDEs into a second-order system of the
form given in (2.41), where damping and forcing terms may be omitted in the case of
undamped, free vibration, resulting in:

M∂ 2w
∂ t2 +Kw = 0 (2.41)

Where damping can be later introduced through an additional matrix C if required.
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Chapter 3

Elastic constants estimation via a
least-squares

As discussed in Sections 1.2 and 1.3, a wide variety of techniques have been developed to
retrieve the mechanical and physical properties of musical instrument plates. While traditional
methods have proved accurate, their implementation often requires specialized equipment and
controlled laboratory conditions, which can limit their accessibility in practical restoration
and instrument-making contexts. This chapter introduces a flexible and resource-efficient
methodology for estimating the orthotropic elastic constants of wooden plates. The goal is to
offer a flexible and accurate estimation method applicable to tonewood samples as well as
musical instruments’ plate-like components. Sections 3.2 and 3.3 lay out the full process.
Numerical benchmarking results are then provided in Section 3.4 together with a comparison
with classical literature methods given in Section 3.5. Finally, a first experimental validation
of the estimation procedure is presented in Section 3.6 and an applied case scenario is
described in Section 3.7. The method introduced here has also been published and presented
in the form of conference paper and journal article [88, 83].

3.1 Introduction

In the field of elastic property estimation, inverse parameter estimation encompasses a broad
range of approaches in which unknown constants are inferred by comparing experimental
observations with predictions obtained from numerical models [268, 140, 18]. The ex-
perimental procedure proposed here aims at delivering an accurate and reliable technique
capable of quantifying the variability of elastic parameters among wood samples of the same
type, thereby enabling more precise numerical material models. Building on the classical
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methods of McIntyre and Woodhouse [183], Caldersmith and Freeman [53], and subsequent
developments such as Igea and Cicirello [140] discussed in Section 1.2, the present work
introduces an extension overcoming existing limitations. Specifically, starting from the KL
thin-plate assumptions, a linear dependence of the squared modal frequencies on the elastic
constants is shown, and the linear coefficients are extracted from a set of numerical plates,
here referred to as training plates sharing the same BCs and aspect ratios as the experimental
plate under test. A least-square minimization is run to estimate the elastic constants. The
method eliminates the exclusive reliance on free BCs or predetermined mode selections, thus
offering greater flexibility. Moreover, by formulating the problem in a linear framework,
the need for nonlinear optimization—where convergence and uniqueness are not always
guaranteed [51]—is avoided. Consequently, the estimation only requires the knowledge of
the experimental modal frequencies and their associated deformation patterns, encouraging
the validation of more accessible measurement techniques in the experimental stage.

3.2 Non-dimensional model

From the governing equation for an orthotropic thin plate in Equation (2.33), one can
acknowledge how several parameters are involved. Attempting to invert that system could
be impractical considering the many unknowns and the risk of non-unique solutions. Even
though for certain computational applications, such as in machine learning contexts, accuracy
in the predicting features is prioritized over results interpretability [96], within this thesis
a meaningful physical interpretation is required both to guarantee a plausible materials
characterization of the numerical models as well as to support conservation decision making
protocols. This can be achieved by reducing the amount of independent parameters and so
simplifying the model through a scaling process [30]. To simplify the governing relation
(2.33), both sides can be divided by rh, and the term Ds is factored on the right-hand side,
leading to the following expression:

∂ 2w
∂ t2 =�g2(

∂ 4w
∂x4 +nyx

∂ 4w
∂x2∂y2 )p+(

∂ 4w
∂y4 +nxy

∂ 4w
∂x2∂y2 )r+

∂ 4w
∂x2∂y2 )w, (3.1)

Where g2 = r�1h�1Ds, p := D�1
s Dx, q := D�1

s Dy. Then, dimensionless variables are intro-
duced as:

w = A
1
2 w̄, x = A

1
2 x̄, y = A

1
2 ȳ, t = g�1At̄, (3.2)
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Where the non-dimensional variable is denoted by the overbar and A = LxLy is the plate
surface area. Substituting these into (3.1), it becomes:

∂ 2w
∂ t2 =�((

∂ 4w
∂x4 +nyx

∂ 4w
∂x2∂y2 )p+(

∂ 4w
∂y4 +nxy

∂ 4w
∂x2∂y2 )q+

∂ 4w
∂x2∂y2 )w, (3.3)

defined over the non-dimensional domain V̄ = {(x̄, ȳ) |0  x̄  a
1
2 , 0  ȳ  a�1

2}, with
a := L�1

y Lx denoting the aspect ratio of the plate. Equation (3.3) depends only on the two
ratios p,q, as well as a . The dispersion relation for the non-dimensional orthotropic KL
model then looks as:

w̄2 = (k̄4
x̄ +nyxk̄2

x̄ k̄2
ȳ) p+(k̄4

ȳ +nxyk̄2
x̄ k̄2

ȳ)q+ k̄2
x̄ k̄2

ȳ , (3.4)

If p and q are kept fixed, the scaling only depends on the BCs and a . Conversely, by
fixing the set of BCs and a while varying the material elastic constants via p and q, a linear
dependence is assumed as:

w̄2
m,n = am,n p+bm,n q+ cm,n, (3.5)

Where (am,n,bm,n,cm,n)� 0 represent the modal dependent coefficients and m,n 2 N denote
a pair of indices associated to the nodal lines of each mode in the x and y directions on the
surface of the plate. A similar relationship for the fundamental frequency of rectangular
plates only was already shown by Leissa in [167] (Chapter 9). The dimensional frequencies
can be obtained as:

w2
m,n := g2A�2w̄2

m,n = Ds r�1h�1A�2w̄2
m,n. (3.6)

Finally, by substituting (3.5) into (3.6):

w2
m,n = l (am,nDx +bm,nDy + cm,nDs) , (3.7)

with l := r�1h�1A�2.

3.3 Least-Square problem formulation

The goal of the presented method is to estimate the unknown plate’s rigidities Dx, Dy Ds. To
this end, the trivial plate parameters (r , Lx,Ly,h ) and the experimental BCs are assumed to
be known. The estimation is then conducted by minimizing the error between the discrepancy

45



between numerically computed eigenfrequencies wm,n and their experimentally measured
counterparts ŵm,n. The minimization is performed with respect to the unknown rigidities,
D̃x, D̃y, D̃s which represent estimates of the true parameters. To this end, the following
variables are defined:

JJJ := l�1ŵww2, jjj
�
D̃x, D̃y, D̃s

�
:=

h
a,b,c

i
2

64
D̃x

D̃y

D̃s

3

75 := Xd, (3.8)

Where X = [a,b,c] and d = [D̃x, D̃y, D̃s]T . Each of the vectors a,b,c is assembled by stacking
modal coefficients am,n, bm,n,cm,n over the selected modes. For instance, if the modes (0,1),
(1,1) and (1,2) are considered then a = [a0,1, a1,1,a1,2]T . The error is defined as:

J
�
D̃x, D̃y, D̃s

�
:=

1
2
kJJJ �jjjk2

2, (3.9)

which can be then minimized through a least-square minimization expressed as [39]:

d = argminJ = (X|X)�1 (X|JJJ) . (3.10)

Finally, from the identified rigidities, the estimated elastic constants are obtained as:

Ẽx =
12(1�nxynyx)D̃x

h3 , Ẽy =
12(1�nxynyx)D̃y

h3 , G̃xy =
3D̃s

h3 , (3.11)

Where the values for nxy and nyx are assumed to be known a priori because of their low
variability across specimens [47].

3.4 Numerical benchmarking

Before moving to the experimental setup required to extract the necessary modal parameters,
the method is benchmarked through a series of numerical case studies.

It is worth pointing out here that in the following numerical validation of the presented
method, the numerical eigenfrequencies are computed based on an FE model via commercial
software. While FE models allow for a simpler modeling of non-trivial geometries, these are
commonly based on the MR model. Therefore, while the unknown elastic parameters are
defined starting from the KL equation, the numerical model might also account for additional
phenomena such as transverse shear deformation and rotary inertia. Accordingly, the validity
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of the method and the reliability of its physical interpretation depend on the applicability of
the thin-plate assumptions involved in the KL model for the plate under test. A systematic
analysis on the influence of plate thickness on modelling assumptions is presented in Chapter
5.4. The method’s effectiveness in extracting reliable rigidity constants from a collection
of virtual rectangular test plates is evaluated. Three representative BCs sets are considered,
namely cantilever (BCs = C-F-F-F) , fixed (BCs = C-C-C-C) and free (BCs = F-F-F-F)
configurations. Here, the focus is not to revisit well-established results but rather to illustrate
that the proposed framework can extend those classical approaches to plate configurations
that are less commonly treated. In particular, the clamped-edge case provides a stringent
benchmark, since it is especially challenging to decouple the contributions of the different
elastic constants. The intention is not to suggest that cantilever or clamped plates should
become the standard experimental setup, but instead to show that accurate estimates of the
elastic parameters can be achieved even for plates with fixed edges.

For the purpose of the benchmarking process, the FEM simulation software COMSOL
Multiphysics [1] is used to implement a model of an orthotropic plate under the different
BCs by using the Plate component.

3.4.1 Linear dependence of the non-dimensional frequencies on elastic
constants

To illustrate the dependency of the squared non-dimensional frequencies w̄2
m,n on the rigidity

ratios p,q, a reference tonewood spruce rectangular sample is considered with a = 223/114,
h = 3mm, r = 473.9 [kg/m�3], for BC = C-F-F-F. Material properties representative of
spruce wood are taken from literature [47]. These are reported in Table 3.1.

Data is generated by scaling Ex and Ey by factors v := [0.8,0.9,1.0,1.1,1.2], while
keeping Gxy fixed, producing 25 cases with 4.3 < p < 6.6 and 0.28 < q < 0.45. These are
obtained by varying the initial elastic constants Ex and Ey by ±20%. It is worth stressing
how this perturbation is purely arbitrary, the only purpose is to sample the p,q space to obtain
the necessary training plates. While larger dataset could be considered, the twenty-five
sampled combinations are sufficient to ensure accurate results, as it will be demonstrated
in the following sections. Once collected, the first six modal frequencies from COMSOL
corresponding to modes (1,0), (1,1), (2,0), (1,2), (2,1), (2,2) are sorted in the same order
for each training plate. To guarantee the correct pairing between the modal frequency and
the respective mode shape when exporting the data from COMSOL, the modal assurance
criterion (MAC) is used. This is a standard metric used in modal analysis to compare the
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Kirchhoff plate parameters

r Lx Ly h E0
x E0

y Gxy nxy

473.9 223 114 3 10.7 716 500 0.51
kg · m�3 mm mm mm GPa MPa MPa

Thick-plate parameters

Ez Gyz Gxz nyz nxz

0.39 0.023 0.62 0.45 0.50
GPa GPa GPa

Table 3.1 Input constants for the COMSOL simulations, inspired from the table in [47] (page
96). These constants are used to create a “training” set from which the modal coefficients
am,n, bm,n,cm,n are estimated. The plates included in the training set have material and
geometrical constants as per the table, and where (Ex,Ey) are selected as the twenty-five
possible combinations of the elements of the sets Ex,Ey, where Ex = vE0

x , Ey = vE0
y , with

v := [0.8,0.9,1.0,1.1,1.2].

similarity between two modal shapes and it is defined as [205]:

MAC(U,U0) :=
|U|U0|2

kUk2 kU0k2 . (3.12)

Where U and U0 are two column vectors containing the displacement values at each nodal
point of the plate. Values close to 1 indicate an high correlation between the mode shapes.
Here, this is applied to compare the sampled modal shapes exported from COMSOL against
a reference set of eigenshapes. Examples of MAC plots are given in Figure 3.1. As it can
be observed, while modal crossing occur, some of the reference modal shapes can not be
recognized for some training plates because of modal distortion (i.e. where nodal lines get
significantly bent with respect to the reference x and y axes.) At this stage, where a clear
modal shape identification could not be obtained, the training data was discarded. Once the
training data is sorted in the correct order and filtered in order to preserve an high correlation
in the modal shapes, the modal coefficients am,n,bm,n and cm,n are estimated via a simple
constrained linear fit in Matlab by forcing fitted coefficients to be � 0, according to (3.5).
The resulting fitting coefficients are reported in Table 3.2.

Notably, all the coefficients of determination R2 are very close to 1, demonstrating how
the linear dependence in (3.5) leads to a good prediction of the modal frequencies as a
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Fig. 3.1 Modal Assurance Criterion (MAC) matrices for the plate with a = 223/114 and
BC = {C-F-F-F}, evaluated across different values of the parameters p and q. White squares
indicate strong agreement between the reference mode shapes (denoted by the subscript R)
and those from the batch set corresponding to the labeled p,q pair. Mode shapes are indexed
in order of ascending frequency from 1 to 6. In some configurations, mode crossings occur
(e.g. at (p = 4.36,q = 0.40)). Ambiguity in identifying specific modes (i.e. (2,0) and (1,2))
in the final two matrices, leads to their exclusion from the fitting process. The reference
modal set corresponds to the configuration p = 4.36,q = 0.29.

(1,0) (1,1) (2,0) (1,2) (2,1) (2,2)

am,n 3.21 3.99 117.0 14.4 124 134
bm,n 0.00 0.94 41.9 1720 15.6 1910
cm,n 0.00 40.5 13.6 155 328 1260

R2 1.00 1.00 0.999 0.999 1.00 1.00

Table 3.2 Linear fit data for a plate with a = 223/114, and BCs = {C-F-F-F} (where the
plate is clamped along the radial direction). The coefficients of determination R2 are also
reported.

function of the material rigidities contained in p and q. This can also be observed from
Figure 3.2 where a visual illustration is provided. Now, the collected modal coefficient can
be used to perform the estimation step for the rigidity constants of the plate. This is done
considering groups of plates sharing the same set of BCs and aspect ratio a . Numerical
plates are used in the following sections to conveniently simulate the "experimental" plates,
avoiding the uncertainty sources caused by laboratory setups as well as the uncertainty given
by the natural variability of wood. "Experimental" plates considered in the benchmarking
also include plates with p and q values outside the training ranges. This helps in assessing
the efficiency and capabilities of the fit.
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Fig. 3.2 Linear relationship between the non dimensional frequencies w̄2
m,n and the elastic

ratios p and q, for a plate with a = 223/114 and BCs = {C-F-F-F} (for a plate clamped
along the radial direction. Dots denote computed frequency values, while the planes are
obtained from (3.5) using the coefficients in Table 3.2.

3.4.2 Benchmarking for BCs = {C-F-F-F}

To evaluate the accuracy in the case of cantilever BCs, three "experimental" plates are
assessed, sharing the same properties as per Table 3.1 except for Ex and Ey which are selected
so that p and q fall inside and outside the training ranges. Table 3.4 reports the considered
p and q values. The rigidities D̃x, D̃y, D̃s are estimated according to 3.10 and the modal
coefficients in Table 3.2. Errors in the estimated values are shown in Table 3.4. These are
computed as:

errx =
Dx � D̃x

Dx
, erry =

Dy � D̃y

Dy
, errs =

Ds � D̃s

Ds
. (3.13)

Here, it is important to stress on the selection of modes used to obtain the modal coef-
ficients. Despite more than three modes can be used, at least three of them should reveal
independent modal coefficients. As an example, it can be observed from Table 3.2 how by
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using only modes (1,0), (1,1) and (2,1) would lead to an unreliable estimate for Dy and so for
Ey as the bm,n coefficients are small or zero compared to the values for am,n and cm,n. This
yields a poorly conditioned formulation of the matrix in (3.10). As an example, an estimate
of Dx, Dy and Ds is performed using only modes (1,0), (1,1) and (2,1) and the results are
compared from an estimation conducted using six modes for an "experimental" plate with p
and q lying within the training set of plates. The comparison is given in Table 3.3.

Sets of modes errx(%) erry(%) errs(%)

Modes (1,0), (1,1), (2,1) 0.42 18.74 0.0
Modes (1,0),(1,1),(2,1),(2,2) 0.52 0.70 0.0

Table 3.3 Relative errors computed using (3.13) for the case a = 223/114, BCs = {C-F-F-F}
using only modes (1,0), (1,1) and (2,1) and using modes (1,0),(1,1),(2,1),(2,2). The other
plate parameters are as per Table 3.1. The training ranges are: 4.3< p< 6.6, 0.28< q< 0.45.
Relative errors are computed using (3.13), and here the percentage values are reported. Modes
(1,0),(1,1),(2,1),(2,2) are considered here. E0

x and E0
y values are reported in Table 3.1.

Ex/E0
x Ey/E0

y p q errx(%) erry(%) errs(%)

Plate 1 1.3 0.7 7.1 0.25 0.77 0.9 0.78
Plate 2 1.0 0.7 5.4 0.25 0.65 1.2 0.031
Plate 3 1.3 1.0 7.1 0.36 0.28 0.11 0.57

Table 3.4 Test plate materials parameters and discrepancies for the case a = 223/114,
BCs = {C-F-F-F}. The other plate parameters are as per Table 3.1. The training ranges are:
4.3 < p < 6.6, 0.28 < q < 0.45. Relative errors are computed using (3.13), and here the
percentage values are reported. Modes (1,0),(1,1),(2,1),(2,2) are considered here. E0

x and E0
y

values are reported in Table 3.1.

3.4.3 Sensitivity analysis for BCs = {C-F-F-F}

To emulate the error introduced from measurement uncertainty, the simulated eigenfre-
quencies are now randomly perturbed by ±2%, generating five new sets of "experimental"
eigenfrequencies. The resulting errors in the estimation of Dx,Dy,Ds are reported in Table
3.5. As expected, higher errors occur. However, these are still within ranges reported by the
FEMU-3DVF method [274].
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e(1,0) e(1,1) e(2,0) e(1,2) e(2,1) e(2,2) errx(%) erry(%) errs(%)

Test 1 1.8 -1.7 1.1 -0.73 1.6 0.95 -4.2 13.0 -3.8
Test 2 -1.6 0.76 1.6 -1.1 -1.4 -2.0 -3.5 7.2 11.0
Test 3 0.03 -0.1 1.6 -0.95 1.3 -1.4 -6.4 11.0 8.6
Test 4 0.76 0.89 0.66 0.79 1.7 1.6 -3.4 9.2 -6.0
Test 5 -0.94 -0.55 0.026 -0.35 0.15 -0.92 -2.4 9.1 4.3

Table 3.5 Sensitivity analysis for Plate 1 from Table 3.4, with a = 223/114 and BCs =
{C-F-F-F}. The perturbation parameter e was randomly selected within ±2% of the cor-
responding exact modal eigenfrequency and is reported in the table as a percentage. The
quantities errx, erry, and errs are defined according to (3.13).

On the sensitivity to Poisson ratio

As for the proposed method, the Poisson ratio nxy is assumed to be known a priori, given
its relatively low intra-specimen variability reported in the literature [47]. Nevertheless, to
evaluate the sensitivity of the inverse estimation method to uncertainty in this parameter, a
dedicated sensitivity analysis is performed for the case of cantilever BCs. An “experimental”
plate with elastic constants ratios p and q lying within the training range is first considered,
and the elastic constants are identified using the nominal value of nxy. Subsequently, based
on reported intra-specimen variability, nxy is perturbed by ±9.3%, leading to two additional
“experimental” plates ("experimental" plate 1 and 2) with slightly modified p and q ratios,
as reported in Table 3.6. As can be observed from the results, the inverse identification
procedure maintains acceptable error levels even when nxy is perturbed to its extreme values.

nxy p q errx(%) erry(%) errs(%)

Reference "experimental" plate 0.51 6.5 0.43 0.52 0.70 0.0
"experimental" plate 1 0.46 6.5 0.43 0.42 0.12 0.2
"experimental" plate 2 0.56 6.6 0.44 0.62 1.28 0.4

Table 3.6 Sensitivity of the inverse identification to perturbations in the Poisson ratio nxy
for cantilever boundary conditions (BCs = {C�F�F�F}, a = 223/114). A reference
“experimental” plate is first identified using the nominal value of nxy, and two additional
plates are obtained by perturbing nxy by ±9.3%, leading to slightly modified ratios p and
q. The table reports the resulting discrepancies in the identified elastic constants. Relative
errors are computed using (3.13) and expressed as percentages.
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3.4.4 Benchmarking for BCs = {C-C-C-C}

For the fully clamped test case, a spruce rectangular tonewood with a = 150/103 is con-
sidered as a reference. This is used to comply with the experimental validation that will be
presented in Section 4.3. The modal coefficients are computed again in the same manner as
described in 3.4.1 and reported in Table 3.7. As it can be seen, all the coefficients of determi-

(0,0) (0,1) (1,0) (0,2) (1,1) (1,2)

am,n 236 237.5 1790 242 1792 1799
bm,n 1214 8589 1652 31910 10180 35250
cm,n 146.9 552.3 534.9 1196 2051 4469

R2 1.00 1.00 1.00 1.00 1.00 1.00

Table 3.7 Linear fit data for a plate with a = 150/103, and BCs = {C-C-C-C}. The coeffi-
cients of determination R2 are reported in the bottom line.

nation are equal to 1.00 for the fully constrained plate. Therefore, the linear dependence in
(3.5) appears to be particularly valid under this set of BCs. The considered modal shapes for
this test case are illustrated in Figure 3.3 while Table 3.8 reports the estimation errors for the
current case.

3.4.5 Sensitivity analysis for B = {C-C-C-C}

As for the case in 3.4.2, a sensitivity analysis is conducted. The results are shown in Table
3.9. While low errors are found for the Dx and Dy rigidity constants, Ds seems to be more
sensitive, leading to higher errors when perturbing the eigenfrequencies within ±2%. A way
to overcome this sensitivity is proposed via a statistical approach in Section 3.6.

Ex/E0
x Ey/E0

y p q errx(%) erry(%) errs(%)

Plate 1 1.3 0.7 7.1 0.25 0.81 0.86 0.12
Plate 2 1.0 0.7 5.4 0.25 -0.28 -0.26 0.043
Plate 3 1.3 1.0 7.1 0.36 - 0.12 -0.12 0.036

Table 3.8 Parameters and error values for the test plate with a = 150/103 BCs = {C-C-C-C}.
The training intervals are 4.3< p< 6.6 and 0.28< q< 0.45. The errors are defined according
to (3.13) and expressed as percentages. All six modes are included in this analysis.
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Fig. 3.3 Mode shapes corresponding to the plate with a = 150/103, BCs = {C-C-C-C},
p = 6.53, and q = 0.29.

3.5 Comparison against standard literature methods for
B = {F-F-F-F}

A final benchmarking of the method is run considering the traditional case of fully free
BCs. Besides testing the versatility of the method, this also helps to validate it against the
widely used and established method introduced by McIntrye and Woodhouse [183] and by
Caldersmith and Freeman [53]. As for the previous cases, all the "experimental" frequencies
are here computed through COMSOL. These are reported in Table 3.10 together with the
physical properties of the "experimental" plate. First, the modal coefficients are computed
for the free BCs. These are given in Table 3.11. Also for this test case, high coefficients of
determination are observed, highlighting the goodness of the linear dependence.
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e(0,0) e(0,1) e(1,0) e(0,2) e(1,1) e(1,2) errx(%) erry(%) errs(%)

Test 1 0.64 0.51 0.37 -1.0 1.6 -0.95 -2.5 3.7 10.6
Test 2 2.0 -1.0 -1.7 -0.86 -1.4 1.7 8.3 8.4 -52
Test 3 1.2 1.4 2.0 -1.9 -0.65 0.63 -1.1 5.7 -6.9
Test 4 -0.49 -1.2 -1.1 0.8 0.98 1.3 3.7 3.3 -30.0
Test 5 0.89 -0.95 -0.2 -1.9 0.75 -1.6 -1.1 5.4 11.0

Table 3.9 Sensitivity analysis for Plate 1 in Table 3.8, with a = 150/103 and BCs =
{C-C-C-C}. The perturbation e was randomly chosen within ±2% of the corresponding
exact modal eigenfrequency and is expressed in the table as a percentage. The errors errx,
erry, and errs are computed according to (3.13).

Kirchhoff plate parameters

r Lx Ly h Ex Ey Gxy nxy

687 204 204 1.18 13 702 688 0.3
kg · m�3 mm mm mm GPa MPa MPa

(1,1) (0,2) (1,2) (2,1) (2,2) (2,0)

COMSOL freqs. (Hz) 29.3 29.5 66 81.2 120 127

Table 3.10 Thin-plate elastic constants values used in COMSOL for the plate under fully free
BCs and resulting modal frequencies.

(1,1) (0,2) (1,2) (2,1) (2,0) (2,2)

am,n 0.15 0.519 1.73 4.7 497 6.41
bm,n 15.1 483 550 3620 0 3790
cm,n 122 0.269 506 9.98 0 1140

R2 0.996 1.00 1.00 1.00 1.00 1.00

Table 3.11 Linear fit data for a plate with a = 1, and BCs = {F-F-F-F}.

Then, recalling the formulae by McIntyre and Woodhouse for the estimation of D̃x, D̃y, D̃s

under free BCs:

D̃x = 0.079 f 2
(2,0)rA2h, (3.14a)

D̃y = 0.079 f 2
(0,2)rA2h, (3.14b)

D̃s = 0.27 f 2
(1,1)rA2h. (3.14c)
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and the ones proposed by Caldersmith and Freeman:

D̃x = 0.08 f 2
(2,0)rA2h, (3.15a)

D̃y = 0.08 f 2
(0,2)rA2h, (3.15b)

D̃s = 0.40 f 2
(1,1)rA2h. (3.15c)

As both sets of formulae only take into account three modes, the same ones are used to
perform the presented estimation routine. A comparison of the results is provided in Table
3.12. It can be noticed how, despite all the methods yield very accurate results for Ẽx

Ẽx (GPa) Ẽy (MPa) G̃xy (MPa) errx(%) erry(%) errs(%)

Ref. [183] 13.0 701 594 0.1 0.2 14
Ref. [53] 13.1 709 880 -1.1 -1.0 -28
Proposed 12.9 701 686 0.8 0.1 0.3

Table 3.12 Parameters and error values for the test plate with a = 1 and BCs = {F-F-F-F}
using the proposed estimation routine introduced in Section 3.3 compared to classical
formulae. Only the initial estimates of the elastic constants are considered for the methods
presented in [183, 53], without further refinement. Improved estimates for Gxy can be
obtained through the iterative procedure described in [183].

and Ẽy, larger discrepancies are found for G̃xy when applying the formulas from [183, 53].
Nonetheless, this can be explained when looking closer at the modal coefficients for mode
(1,1) in Table 3.11. In fact, it is clear how, for this mode, Ey has a non-negligible effect.
Therefore, it can not be assumed to be a pure "shear" mode, and the impact of Ey has to be
taken into account. By combining the coefficients from Table 3.11 with the linear dependence
expressed in (3.7), the following updated refined formulae are proposed:

D̃x = 0.079 f 2
(2,0)rA2h, (3.16a)

D̃y = 0.079 f 2
(0,2)rA2h, (3.16b)

D̃s = 0.32 f 2
(1,1)rA2h�0.1 D̃y. (3.16c)

Using these formulae, the errors become errx = 0.1%, erry = 0.2%, errs = 0.2%. It should be
noted how the refined formula applies to the present case scenario and it is therefore relevant
for the case of square orthotropic plates with a = 150/103, BCs = {F-F-F-F} and elastic
constants ratios p = 4.8 and q = 0.3.
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3.6 Experimental validation on a kantele tonewood

A spruce tonewood specimen from Finland, provided by a master luthier, serves here to
conduct a first preliminary experimental validation of the method. The piece was originally
a leftover fragment from the production of a concert kantele, a traditional plucked string
instrument of Finnish origin [247]. Its initial geometry measured L0

x = 25.3 cm in length,
L0

y = 11.4 cm in width, and h0 = 5 mm in thickness. Prior to experimentation, the thickness
was carefully reduced to h = 3 mm using a belt sander. This reduction step was not strictly
mandatory, since piano soundboards up to 8 mm thick exhibit only minor discrepancies
between thin- and thick-plate approximations [89]. Nevertheless, it was applied here to
improve accuracy, as preliminary simulations with standard spruce elastic constants from
literature showed that thinning from 5 mm to 3 mm decreases the mismatch between the
two plate models from about 6% to  2% for the lowest six modes. The impact of plate
thickness on the estimated elastic constant values will be discussed in more detail in Section
5.7. A dedicated clamping system was engineered to enforce the desired BCs, following the
strategy outlined in [87]. The setup consisted of two angular iron bars, each weighing 1.8
kg, pressed together with six evenly distributed spring clamps. To achieve a more uniform
pressure distribution in the y-direction, a supplementary flat iron plate (1.2 kg) was positioned
between the wood and one angular bar. To safeguard the delicate spruce surface from over-
compression, a thin protective rubber sheet was inserted at the contact interface. The final
assembly is illustrated in Figure 3.4. As a consequence of the clamping, the plate contracted
slightly along the x-axis, yielding an effective length of Lx = 22.3 cm. For all subsequent
analysis, the effective geometry (Lx, Ly, h) and density r reported in Table 3.1 were used.
The modal coefficients am,n, bm,n, and cm,n derived from these conditions are given in Table
3.2. Excitation and response measurements were carried out using a PCB 086E80 miniature
impact hammer, paired with a PCB 352A21 uniaxial accelerometer. To assure a consistent
impact position over multiple hits, the hammer is fixed to a pendulum. After each impact,
the hammer is stopped by hand by the user to preserve double hits. To avoid surface damage,
the hammer’s steel tip was covered with a vinyl cap, which at the same time attenuated
high-frequency components in the excitation [98] while retaining sufficient bandwidth up to
1 kHz, as specified by the impulse hammer technical data illustrated in Figure 3.6 which is
also experimentally verified when plotting the force spectrum of the hammer covered by the
tip on the tonewood sample, as shown in Figure 3.7 . The experimental measurement setup is
shown in Figure 3.8.
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Fig. 3.4 Experimental setup for the tonewood sample with BCs = {C-F-F-F} and a =
223/114, whose modal coefficients are provided in Table 3.2. The impact hammer is
mounted on a pendulum that halts after recoil to prevent multiple impacts. The protective
rubber pad used in the clamping system is visible below.
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Fig. 3.5 Experimental measurement set-up.

(1,0) (1,1) (2,0) (1,2) (2,1) (2,2)

Measured freqs. (Hz) 52 98 310 337 398 637

Table 3.13 Spatially averaged experimental frequencies and identified mode shapes for the
cantilever Finnish spruce tonewood.

Six evenly spaced excitation points were selected, with the accelerometer fixed at a single
reference location. The distribution of these points was chosen to ensure observability of
the first six vibrational modes, as will be discussed later. Each location was struck five
times, and the responses were averaged to minimize uncertainties stemming from hammer-
force variability [14]. The accelerometer was carefully positioned away from nodal lines
to avoid missing modal contributions. Acquired signals were post-processed in Matlab to
calculate the FRFs. The resulting spectra are presented in Figure 3.9, while the averaged
experimental eigenfrequencies are summarized in Table 3.13. Resonances were extracted via
peak-picking across the six excitation positions, then spatially averaged to improve reliability.
As emphasized in Section 3.4.1, accurate identification of modal coefficients am,n,bm,n,cm,n

required determination of nodal lines in both fibre directions (x and y). Mode shapes were
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Fig. 3.6 Spectrum of the hammer input force provided in the technical datasheet of the
PCB Piezotronics 086E80 [206]. It can be observed how the use of a vinyl cover limits the
hammer’s force bandwidth.

therefore visualized with the Chladni pattern technique [64], in accordance with previous
research [140]. The plate was mounted horizontally and excited with a PCB 2004E miniature
shaker fixed using beeswax. Pure sinusoidal signals were generated at the experimentally
determined modal frequencies, while fine sand was scattered on the plate to reveal nodal
regions. The experimental setup and representative Chladni figures are shown in Figure 3.10.
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Fig. 3.7 Measured hammer input force spectrum with vinyl cover. A significant frequency
roll-off can be observed above 1 kHz.

Fig. 3.10 Experimental setup showing the miniature shaker (left) and the resulting Chladni
patterns (right) on the tonewood sample.
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Fig. 3.8 Experimental measurement set-up.

3.6.1 Results

Elastic constants are retrieved using the experimental frequencies from Table 3.13, the modal
coefficients from 3.2 and the equations 3.10 and 3.11. While all six modes could be used
directly to get a single estimate, considering all possible subsets of three or more modes
allows for a more robust statistical assessment of the estimated elastic constants. Accordingly,
as six modes were successfully identified, a total of 42 different combinations of modes
can be obtained, including at least three modes each, hence allowing for multiple estimates
of elastic constants from which a mean value and standard deviation can be computed. To
this end, spurious values are removed by excluding negative estimates from the statistics
analysis. Then, outliers are also discarded. These are calculated based on the interquartile
range (IQR) method so that an estimated value is evaluated as an outlier if falls outside of
the range [Q1 � 1.5IQR,Q3 + 1.5IQR], where IQR = Q3 �Q1, and where Q1, Q3 are the
first and third quartile, respectively [21]. Finally, mean and standard deviations are obtained,
these are shown in Figure 3.11 and Table 3.14. Compared to available data, estimated mean
values are within literature spruce values [47]. To further double check the accuracy of the
estimate, the average values obtained can be inputted again in COMSOL and the resulting
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Fig. 3.9 Frequency spectra measured at six points on the spruce tonewood plate. The
frequency range of interest extends up to 800 Hz. Dashed lines indicate the spatially averaged
detected frequency peaks.

Fig. 3.11 Estimated elastic constants for the Finnish spruce tonewood. Forty-two mode sets
are analyzed, corresponding to all possible combinations that include at least three of the
six measured experimental modes. Mean values and standard deviations are represented by
dashed lines and coloured bands, respectively. Outliers are identified using the interquartile
range (IQR) method [21].
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eigenfrequencies can be compared to the experimental ones. The comparison is reported in
Table 3.15.

Ẽx (GPa) Ẽy (MPa) G̃xy (MPa)

Finnish spruce (cantilever)
mean 13.0 700 668

rel. std 4.0% 2.2% 6.5%

Table 3.14 Mean elastic constant values and corresponding relative standard deviations for
the kantele spruce tonewood. The obtained values are consistent with previously reported
data for spruce, as presented in [47, p.96].

Meas. (Hz) Num. (Hz) D fn (Hz) D fn
fn (%) D fn (cent)

(1,0) 52 51 -1 -1.5 -25
(1,1) 98 100 2 1.9 32
(2,0) 311 315 4 1.3 22
(1,2) 337 335 -2 -0.6 -10
(2,1) 398 394 -4 -0.9 -16
(2,2) 637 629 -8 -1.2 -21

Table 3.15 Errors between experimentally measured and numerically computed eigenfre-
quencies for the Finnish spruce plate under cantilever BCs. The numerical frequencies were
obtained in COMSOL using the mean elastic constant values reported in Table 3.14.

From the comparison, one can observe how errors are  2%, validating the accuracy of
the presented methodology under experimental settings.

3.7 Case study 1: A comparison of normal and thermally-
aged tonewood elastic properties

As mentioned in Section 2.2.4, the impact of wood aging represent a relevant source of
uncertainty when trying to obtain a best estimate of the elastic constants of tonewood used
to build musical instruments. Within this case study, the estimation routine presented and
validated in the previous sections is now exploited to compare the elastic properties of
aged tonewood and not-aged specimens. For this purpose, six Finnish tonewood samples
used for kantele making available from a master luthier, are considered. Three out of the
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six samples were thermally aged to serve as a comparison. The trivial properties of the
samples are reported in Figure 3.16. Generally, the thermally aging process for tonewoods

Plate Number Lx (m) Ly (m) h (m) r (kg/m3)

1 0.204 0.1 0.00482 400

2 0.224 0.099 0.00476 447

3 0.215 0.108 0.00461 439

4 0.144 0.107 0.00481 439

5 0.207 0.09 0.00476 490

6 0.211 0.105 0.00478 438

Table 3.16 Physical properties of the tonewoods. Colored plates denote thermally aged
tonewoods

requires different phases including the temperature increase, the heat treatment by keeping
a fixed temperature and humidity and finally the cooling step. Overall, used temperature
for thermally aged tonewoods range between ⇡100�C and 180�C [149, 52]. The thermally
aged tonewoods in this study were treated in a DIY oven owned by the luthier. An example
of a similar oven kind can be found in [193]. The internal oven temperature was initially
increased up to 170�C. This first stage took a total of between 3 and 4 hours. Simultaneously,
steam is added until the internal tonewood temperature reaches 90�C. The temperature was
then kept constant for 4 hours before switching it off. The tonewoods were then left in the
oven until the day after, when the internal temperature decreased to 40�C. Overall, the entire
aging procedure took about 24 hours.

Elastic constants estimation

To estimate the elastic constants using the method laid out in Section 3.3, EMA measurement
campaigns were performed on the specimens. To do this, the same experimental cantilever
BCs used in 3.6 was implemented. The miniature impact hammer (PCB 086EB0) was used
to excite the plates under test, while the monoaxial accelerometer (PCB 352A21) captures the
impulse responses (IRs). The accelerometer remains fixed at a single location, whereas the
hammer roved across three excitation positions. Source and receiver locations were chosen
so as to avoid nodal lines of the modes of interest, which were identified beforehand using a
COMSOL plate model of the tonewood. To reduce measurement uncertainty, the hammer
was mounted on a steel frame to stabilize the impact point, and five IRs were acquired at each
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position to compensate for the low repeatability of the force signal. The signals were sampled
at 44 kHz and subsequently processed in MATLAB to obtain the FRFs. The three FRFs from
each plate were then averaged, and experimental modal frequencies were extracted via a
peak-finding routine. These are illustrated in Figure 3.12.

Fig. 3.12 Magnitude spectra of the FRFs for the six tonewood samples under study. Three
excitation positions were evaluated for each plate. Dashed black lines indicate the averaged
peak frequencies.

To validate the experimental measured data and the implemented BCs, a second mea-
surement campaign was repeated on Tonewood 3, under the same setup after removing and
mounting again the same specimen. The data from this repeated campaign, along with a
comparison of the spatially averaged frequency spectra from the two campaigns, are shown in
Figure 3.13. The identified frequency peaks differed by  3 % between the two datasets. As

Frequency (Hz)

Dataset 1 82.5 160.5 517 635 656.5 1061

Dataset 2 81.0 157.0 507.5 629.5 668.0 1071

Error % 1.81 2.18 1.83 0.86 1.75 0.94

Table 3.17 Comparison of frequency peaks for Tonewood 3 between the two measurement
campaigns. Errors are reported as percentage differences.

per the preliminary experimental validation of the inverse estimation method given in 3.6, the
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Fig. 3.13 Top: FRF spectra for Tonewood 3 at the three measurement positions from the
second campaign. Bottom: comparison of the spatially averaged FRF spectra between the
first and second campaigns. Note how the magnitude offset observed between the two spectra
is due to a different input gain amplification used between the two measuremnents campaigns.

Chladni patterns tests were here used to identify the ODSs on the different tonewoods. This
was done using the identical excitation setup from Section 3.6. The identified patterns are
reported in Figure 3.14. As it can be seen from the ODSs, Tonewood 4 presents a different
sequence of modal patterns due to the different a value. Finally, the training set of plates
required to retrieve the necessary numerical data was computed in COMSOL as explained in
Section 3.6, using the same set of elastic constants in Table 3.1.

Results

The resulting values are reported in Figure 3.15. From a first glance, it would seem that
overall the values of the tonewood elastic constants tend to increase after aging. This
observation appears to be in line with previous literature results on the impact of natural
wood aging, which showed an increase in the elastic constants Ex and Gxy of akamatsu (red
pine) after 8 years from the collection of the wood samples [195]. To assess the minimum
observable differences between untreated and thermally aged tonewoods, Lehr’s equation
[166] was applied. This formula quantifies the required sample size nreq to detect a given
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Fig. 3.14 Identified operational deflection shapes (ODS) sequences for the tonewoods under
study. (a): ODS sequence for tonewoods 1,2,3,5,6 . Here, tonewood 1 was taken as an
illustrative example for all the interested tonewoods (b): ODS for tonewood 4. Images
brightness and contrast were modified only for illustrative purposes.

percentage change p between group means:

nreq =
16cv2

p2 , (3.17)

where cv is the coefficient of variation, defined as

cv =
100s

x
, (3.18)

with s the sample standard deviation and x the sample mean. Rearranging 3.17 gives the
minimum detectable difference:

p =
4cv
pnreq

. (3.19)

The corresponding values for p are reported in Table 3.18, together with the absolute
differences between the mean values of untreated and thermally aged samples. As shown, no
statistically significant differences could be detected given the sample size of this study.
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Fig. 3.15 Comparison of estimated values for the Ex, Ey and Gxy elastic constants for all the
six tonewoods samples under study. In red are reported the values for the thermally aged
(‘t.a.’) plates. In blue are reported the values for the not thermally aged (‘not t.a.’) plates.

Elastic constant p (%) |µn.t.a.�µt.a.| (%)

Ex 12.1 4.4
Ey 16.1 9.6
Gxy 17.0 3.7

Table 3.18 Minimum detectable changes p for each elastic constant, compared to the absolute
percentage difference between the mean values of thermally aged (µt.a.) and untreated
tonewoods (µn.t.a.).

Decay times

T60 values were evaluated for all tonewoods, considering only the modes common to all
plates. These were obtained from the relationship between the �3 dB bandwidth (D f�3dB)
and the reverberation time [216]. The t60 were then estimated from 2.18. For a lightly damped
system D f�3dB = 2z fn [225]. Accordingly, the time constant and the �3 dB bandwidth are
related by t = 1/(D f�3dB) so that:

t60 =
3log(10)
D f�3dB

. (3.20)

The �3 dB bandwidth values were estimated using a peak-finding routine in Matlab. As
expected, t60 decreased with increasing frequency across all samples. Equation 3.19 was
again used to determine the minimum detectable mean differences between thermally aged
and untreated tonewoods. The mean values of the aged samples appeared lower than those
of untreated tonewoods. Again, this would be in accordance with the decrease in internal
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damping found in naturally aged wood in [195]. However, the observed differences were
smaller than the detectable thresholds as it can be seen from the minimum detectable
differences reported in Table 3.19.

Mode index (x,y) p (%) |µn.t.a.�µt.a.| (%)

(1,0) 44.1 27.9
(1,1) 29.4 9.3
(2,0) 29.7 7.6
(2,1) 22.8 19.5

Table 3.19 Minimum detectable differences p in t60 values for each modal shape, compared
with the absolute percentage differences between mean values of thermally aged (µt.a.) and
untreated tonewoods (µn.t.a.).

Fig. 3.16 Decay times (t60) for the first four modes shared by all tonewoods.

Discussions

Overall, despite the limited sample size available for this study, no statistically significant
differences were observed between the thermally aged and untreated tonewood specimens
in terms of either elastic constants or modal decay times. While the results cannot be
generalized beyond the specific materials and conditions tested here, they provide useful
insights both for luthiers and instrument makers when dealing with new instruments or
restoration interventions. In particular, they suggest that, under the specific thermal aging
process adopted in this study, the mechanical and damping properties of Finnish tonewood
may remain largely unaffected. However, further studies involving a larger number of
samples and controlled aging conditions are needed to confirm these assumptions.
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3.8 Summary

The Chapter introduced the first main research outcome from the work conducted within
the PhD thesis. Specifically, by recalling the first research objective from Section 1.5, an
inverse estimation method based on the least squares minimization between measured and
numerically obtained eigenfrequencies is presented, enabling an estimate of the rigidity
constants Dx, Dy, and Ds under arbitrary BCs. The method was numerically benchmarked
using FE based models via COMSOL for three different configurations: cantilever, fully
clamped, and free BCs. Accurate results are obtained for all the numerical test cases, with
errors not exceeding bounds reported in previous established methods [268]. Compared to
reference analytical estimation techniques [183, 53], the method allowed for a refinement to
the estimate of the shear modulus in the closed-form formula for a rectangular plate under
fully free BCs. The method is then validated experimentally, where the classical and well-
established Chladni patterns technique [64] is exploited to identify the ODS. The low errors
(i.e.  2 %) between measured and numerically computed eigenfrequencies retrieved by
inputting average estimated elastic constants values in COMSOL confirmed the applicability
of the method under a real case scenario. Lastly, a first case study is also presented, offering
an example of a possible application of the method. Here, a comparison between thermally
aged tonewoods and non-aged specimens is provided. Despite the low number of specimens,
the results seem in line with previous research. For the presented experimental test cases, a
standard excitation approach is used (i.e., impact hammer and shaker), as well as standard
EMA practices. In the next Chapter, the focus is on the development and validation of a
cost-effective and user-friendly experimental measurement chain.
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Chapter 4

Towards a cost-effective experimental
setup

In this section, an experimental validation is presented to support the development of a cost-
effective measurement setup . The validation starts by assessing the use of electrodynamic
transducers (exciters) for EMA purposes. Previous studies have already demonstrated their
suitability in workshop scenarios, providing an accessible tool for luthiers and instrument
makers while enabling wideband excitation signals [10, 12]. A major advantage of this
approach is the ability to inject sufficient energy into the structure under test at higher
frequencies, which is particularly relevant when working with musical instrument components
that can vary significantly in size and, consequently, in their natural frequencies. The chapter
proceeds by presenting a validation of a cost-effective measurement chain to define a reliable
and accurate setup that can be implemented in workshop contexts to support modal analysis
practices. This is followed by an additional experimental validation of the method introduced
in Section 3 carried out on a real guitar plate, demonstrating the applicability of the proposed
setup under realistic workshop conditions. Finally, the validation of a fully accessible
framework that incorporates the open-source software MagPie to generate the numerical
training data required by the method described in Section 3.3 is presented, thereby removing
the need for commercial software on both the numerical and experimental sides of the
estimation process.

4.1 Electro-dynamic transducers for modal analysis

The use of small electro-dynamic exciters combined with the use of the ESS technique [103,
102] has been recently introduced as a more accessible wideband excitation solution for
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modal analysis measurements on real musical instruments [10, 12]. Here, a comprehensive
experimental validation is performed against standard EMA setups [57, 42], showing the
application in practical case scenarios. Particularly, guidelines are given regarding the
influence of exciter size and positioning on the boards under test, while the feasibility of
continuous wideband excitation is exploited as a tool for real-time spectral analysis during
instrument-making practices.

4.1.1 Validation against Impact hammers

As anticipated in Section 1.3, the impact hammer technique represents a widely adopted
approach in EMA of musical instruments and related structures [111, 44, 92, 174]. The
impulsive excitation provided by the impact hammer is intended to approximate a Dirac delta,
though in practice the finite duration of the pulse leads to a progressive loss of energy at
higher frequencies [131]. Furthermore, the stiffness of the hammer tip influences the usable
range, which becomes particularly critical for softwoods such as spruce [69, 98]. On the
other hand, the ESS technique offers a broadband continuous excitation approach, ensuring
high measurements coherence and the advantage of separating nonlinear effects from the
linear spectral response of the structure under test [103, 102, 127, 214, 107]. The use of
exciters together with the ESS test signal was used to investigate subtle design interventions at
different manufacturing stages on guitar soundboards, from varnishing to bracing design [9].
However, as pointed out in previous research, the additional mass added by the exciter can
significantly impact the the measured vibroacoustics response of the instrument soundboard
[174]. Hence, to conduct a thorough experimental validation, exciters of different mass are
here assessed, ranging from 2.5 g up to 50 g. Table 4.1 reports the Thiele & Small parameters
measured in free air via the "added-mass" method [215], indicating progressive increases in
driving capability with size, at the cost of larger added mass. For the validation, a rectangular

Tot. Mass fmd Re Qms Qes Qts Cms Mms Rms BL Le

(g) (Hz) (W) (mm N�1) (g) (W) (N A�1) (mH)

Exciter 1 2.5 1325 3.5 24.72 445.3 23.42 0.14 0.10 0.03 0.08 0.01
Exciter 2 6.5 483 7.0 12.43 111.9 6.09 0.20 0.52 0.13 0.97 0.04
Exciter 3 12.5 451 1.7 7.90 2.80 2.07 0.20 0.58 0.21 1.01 0.02
Exciter 4 50 333 4.0 8.60 1.44 1.24 0.21 1.06 0.26 2.48 0.04

Table 4.1 Physical and Electrical Parameters of Different EXC Models

spruce plate was used with dimensions Lx = 600mm, Ly = 210mm and Lz = 40mm. To
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Fig. 4.1 Schematic representation of the measurement setup. The red dots L1 and C indicate
the excitation points, namely locations for either the impact hammer hits or the contact
point for the exciters while performing the validation measurements, while R1 indicates the
position of the accelerometer.

practically perform the experimental measurements, the board was clamped along all its
edges by using a dedicated heavy plexiglass frame, as shown in Figure 4.1. For the purpose
of the validation, a PCB Piezotronics 352C23 accelerometer was used in this validation stage
to maintain consistent measurement conditions and avoid additional sources of variability.
Two excitation positions were explored: a lateral point (L1), chosen to minimize interference,
and a central point (C), where modal nodes and antinodes alternate and where the presence
of added mass is expected to have stronger consequences. For each exciter, four conditions
were examined:

• Impact hammer exciting the board. This configuration provided a reference dynamic
behavior of the board obtained using a standard EMA approach.

• Impact hammer exciting the board with an equivalent exciter mass attached. This
configuration aimed to isolate the effect of an added equivalent attached mass on the
board’s frequency response.

• Impact hammer exciting the board with the exciter attached but not powered.
This configuration allowed to assess the influence of the exciter’s mechanical coupling
on the board’s dynamic behaviour while comparing it against the simpler attached
mass test case.

• ESS excitation of the board through the exciter. Finally, this condition exploited
the capability of the proposed measurement setup and was used to compare the result-
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ing dynamic response with the reference EMA measurement obtained from the first
configuration.

To provide an equivalent mass for the different exciters, coins of various sizes were used
and attached to the board through the use of wax, providing the same equivalent mass of
each exciter. These are shown in Figure 4.2. For the measurements with the impact hammer,

Fig. 4.2 (a): Electrodynamic exciters used in this study, ordered left to right: Exciters 1
through 4. (b): Corresponding equivalent masses: 2.5 g, 6.5 g, 12.5 g, and 50 g.

five impacts were used to provide reliable data [111]. On the other hand, an ESS signal
ranging from 45 Hz to 8 kHz and normalised at - 6 dBLUFS was generated with Adobe
Audition 3.0 software using the Aurora plugins [56]. The ESS was outputted from a portable
computer through a Focusrite Scarlet 2i2 audio interface and entering a 20 W linear amplifier.
The linear amplifier respone can be appreciated in Figure 4.3 . This was measured using
the ESS method by connecting the output terminals of one of the two channels to a 8 W
dummy resistor (5 W power rating). The amplifier output was then calibrated to provide 1
W over 8 W, namely 2.83 V . For the measurements, the output voltage of each exciter was
measured via a Fluke 177 multimeter and calibrated in order to consistently produce 0.25 W
at 1 kHz. Finally, a zoom F8 audio interface was used to acquire the data which was then
post processed in Matlab. The FRFs spectra are here reported in terms of mobility Y in dB.
Note how for the case of the exciter, as no forcing signal is recorded during the sine sweep
measurements, the excitation force F can be retrieved using the known measured Thiele and
Small parameters as expressed by the Lorentz force [99]:

F = Bl · I (4.1)

Where I = Vexc/Re and Vexc is the exciter output voltage. As it will be discussed in Section
4.1.3, F can indeed be assumed constant within the interested bandiwidth when locating the
exciter in a suitable excitation point (i.e. a point where the response can be assumed to be
unaffected by the coupling with the board under test.) The measurements comparison is
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Fig. 4.3 Response of the 20W class D amplifier used for all the experiments.

reported in Figure 4.4 for the four configurations. In the plots, the reference FRFs from the
impact hammer measurement setup are reported in blue, the measured data gathered from the
exciter setup using the ESS signal is reported in black, and the measurements performed using
the equivalent coin mass and the exciter mass are given in green and red. The results show
how Exciter 1 could not provide enough energy at low frequencies to excite the first natural
frequency of the board under test. Nonetheless, an overall good agreement is observed when
comparing the impact hammer setup against the measurements carried out with the exciter
mass and through the ESS signal driven by the exciters. Conversely, larger discrepancies
are found when comparing the reference data to the resulted spectra in the equivalent coin
mass configuration. Deviations in the first resonance frequency identified through the impact
hammer against the exciter measurement setup at excitation point L1 are reported in Table
4.2. The validation was then conducted using C as the excitation point. This location was
deliberately chosen to accentuate differences between measurement configurations, as it lies
across regions of alternating nodes and antinodes in the modal shapes under fully clamped
conditions. As per the previous excitation point, the resulting spectra are given in Figure
4.5. Evidently, the response at low frequencies is strongly affected by the presence of the
transducers. However, clear discrepancies emerge between the coin-mass and exciter-mass
cases. Specifically, the coin appears behaving as a simple added mass, producing a downward
shift in resonance, whereas the exciters introduce an upward shift, indicating a more complex
interaction.
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Fig. 4.4 Exciter validation comparison. In all plots, the FRF spectra are shown for the
following cases: hammer excitation on the raw board (solid blue), hammer on the board
with exciter attached (red), hammer on the board with an equivalent-mass coin (green), and
sine sweep excitation via the exciter (black). Coin masses match those of the corresponding
exciters, as listed in Table 4.1. Dashed black lines denote the first three reference experimental
frequencies identified through the hammer measurements. Excitation is applied at point L1,
and response is measured at R1 from 4.1.

Hammer

EXC_1 EXC_2 EXC_3 EXC_4

f0 (Hz) 118.5 117.5 117 116

f0 = 118 Hz dev. (%) 0.42 -0.43 -0.85 -1.72

dev. (cent) 7 -7 -14 -29

Table 4.2 Fundamental frequency f0 and associated relative deviations extracted from the FRF
spectra, comparing the reference hammer measurement with the four exciters. Excitation is
applied at point L1, as shown in Figure 4.1.

4.1.2 Coherence assessment

Before further investigation of the coupling between the exciter and the board, the capability
of the ESS method via the exciters was compared against the benchmark measurements
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Fig. 4.5 Exciter validation. Same configuration as in Figure 4.4, but with excitation applied
at point C.

from the impact hammer through a coherence evaluation between input and output signals
resulting from the two setups. Specifically, for the measurements using the ESS method via
the exciter, the coherence is here evaluated between the ideal IR obtained when convolving
the input test signal with its inverse filter [103] against the measured IR obtained using the
output response captured by the accelerometer, thus allowing an assessment of the linear
correlation between the input and output signals. Figure 4.6 shows representative results
for the different exciters. Overall, both hammer and exciter-driven sine sweeps delivered
comparable coherence values up to about 200 Hz. At very low frequencies, the hammer
achieved slightly higher coherence than the smallest exciter (i.e. Exciter 1), reflecting its
limited driving power. However, beyond 3 kHz the performance reversed: the hammer
coherence progressively degraded, whereas the ESS method maintained stable values up to
the maximum test frequency of 8 kHz. This extended bandwidth is especially relevant when
wide-band excitation is required, for instance, in experimental studies of bridges, bracings,
or complete soundboards.
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(a) Hammer against Exciter 1. (b) Hammer against Exciter 2.

(c) Hammer against Exciter 3. (d) Hammer against Exciter 4.

Fig. 4.6 Coherence comparison between the impact hammer method and the different exciters.

4.1.3 Impedance measurements

To better understand the coupling between the board under test and the exciter, electrical
impedance measurements were conducted, as they represent a common practice for analysing
the resonance behavior of the loudspeaker’s mass-spring system [244, 152, 76]. Measure-
ments were carried out with a calibrated Clio Pocket system by Audiomatica [8], which
directly provides absolute impedance values later processed in Matlab. The exciters were
connected using lightweight wiring fixed to the supporting frame to avoid parasitic vibration
effects. The unit consists of one input and one output channel. In this setup, the output was
operated in closed-loop mode so that the impedance magnitude |Z| could be determined
by applying a known voltage and simultaneously measuring the current across an internal
reference resistor and the exciter under test [215]. The connections were made using cables
terminated with crocodile clips, whose internal resistance was verified as 0.1W± 0.05W.
Each exciter was wired with lightweight, flexible leads, secured to the plexiglass frame
with putty to prevent mechanical interference. A small arc of slack was intentionally left
in the wire between the frame and the transducer to reduce constraint forces. To examine
repeatability, Exciter 3 was mounted at location L1 and measured 32 times. For each mea-
surement, the actuator was detached and repositioned with fresh wax, introducing minor
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changes in orientation and placement to simulate practical variability. Across all trials, the
main impedance peak occurred at 75.6 Hz with a mean amplitude of 3.76 W. The three-sigma
spread was ±2.7 Hz in frequency and ±0.57W in amplitude, demonstrating a high level of
consistency in the electrical measurements, as shown in Figure 4.7.

Fig. 4.7 Statistical evaluation of the electrical impedance for Exciter 3 measured at L1, based
on 32 samples. The dashed blue line indicates the mean peak frequency of 75.6 Hz. The
green line represents the ±3s range of the amplitude (± 0.57 W), while the red line denotes
the ±3s interval for the peak frequency (± 2.7 Hz).

Given its limited driving capacity, Exciter 1 was excluded from subsequent tests. The
other three exciters were then evaluated in both L1 and C positions, reproducing the conditions
used for the impulse response experiments. Figure 4.8 compares the resulting impedance
curves: when placed at L1, all devices exhibited a single dominant resonance peak with
only minor secondary maxima, while at C, two large resonances appeared together with
several additional local maxima, reflecting the different modal conditions at that point. A
complementary experiment was performed using Exciter 3 to explore the effect of additional
mass. Results are shown in Figure 4.9. Incrementally loading the transducer with rigid
weights shifted the combined resonance fmd downward, as expected for a mass–spring
system. The position of the higher-frequency local maxima remained essentially unchanged.
The dashed lines indicate the resonance frequencies of the spruce plate itself, including the
(0,0) mode at 118 Hz. At position L1, this mode appeared near the first local maximum,
whereas at position C it was located between the “low” and “high” resonances ( fl , fh). These
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Fig. 4.8 Electrical impedance plots for Exciters 2,3 and 4 positioned at L1 (top) and C
(bottom). Dashed lines indicate the first resonance frequencies of the board. At L1, each
exciter exhibits a single dominant peak followed by smaller local maxima. In contrast,
measurements at C show two prominent peaks and a distinct pattern of secondary maxima.

results highlight how both mounting position and additional mass influence the electrical
response of the coupled system.

4.1.4 Model-Based Interpretation of the Coupled Exciter–Board Sys-
tem

To better understand the influence of the exciters on the board, a reduced-order electrome-
chanical model (ROM) of the coupled system was used. This is illustrated in detail in [11]
and reported in Appendix A. In the ROM, the soundboard and the exciter are modeled as two
mass-spring-damper systems that are mechanically connected at the contact point as well
as electrically coupled via the voice coil. The ROM uses experimentally measured exciter
parameters together with the modal properties of the board under test. From these input val-
ues, it estimates both the mechanical response of the board (restricted here to its fundamental
resonance mode) and the electrical impedance observed at the exciter terminals. For this
purpose, Exciter 3 is considered as an example and its Thiele & Small parameters measured
when attached to the board are reported in Table 4.3 . The modeled data is presented in
Figure 4.10. Comparisons between model and experiment show good agreement. When
the exciter is placed at the plate centre (C), the model reproduces the observed stiffening
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Fig. 4.9 Electrical impedance of Exciter 3 mounted at L1 (top) and C (bottom), with progres-
sively added rigid masses to modify the mechanical resonance fmd . Dashed lines mark the
first modal frequencies of the board; the fundamental mode (0,0), with f0 = 118Hz, appears
near the first small peak in panel (a) and between the two main peaks fl and fh in panel (b).
An effective excitation point, as in panel (a), is characterized by a single dominant resonance
fmd , corresponding to the coupled dynamics of the device under test and the transducer.
As added mass increases, fmd shifts to lower frequencies, while secondary maxima remain
unchanged.

effect: the fundamental resonance shifts upward in frequency, and the electrical impedance
curve develops a two-peak structure, analogous to a loudspeaker coupled to a resonant cavity.
Conversely, when the exciter is positioned at L1, the system behaves more like a free-air
driver, with a single impedance peak and negligible disturbance to the plate resonance. Over-
all, the ROM confirms that the exciter does not simply act as an added mass: depending
on placement, it can significantly interact with the structure. This provides a principal
explanation for the experimental results shown in the previous paragraphs and underlines the
importance of selecting excitation points away from modal maxima in order to obtain reliable
frequency response measurements. From a practical perspective, the soundboard-exciter
coupling behavior can be interpreted using loudspeaker analogies, as detailed in [11]. At L1
the behavior is equivalent to a driver in free air, giving a single impedance peak at fmd , while
at C it resembles a vented box, producing two peaks ( fl , fh) separated by a minimum at the
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fmd Re Cms Mms Bl Le

(Hz) (W) (mmN�1) (g) (NA�1) (mH)

EXC_3 73.9 2.1 0.35 13.18 1.01 0.06

Table 4.3 Thiele and Small (T&S) parameters of Exciter 3 measured at position L1. This
setup can be interpreted as a free-air driver configuration, consistent with the frameworks
proposed by Thiele, Lazar and Kubota, and Magalotti [254, 255, 164, 170]. Notably, the
moving mass Mms exhibits a significant variation compared to typical values.

board resonance f0. These frequencies are linked by [255]:

fmd =
fl · fh

f0
. (4.2)

As an example, for Exciter 3 in C, fl = 69 Hz, fh = 126 Hz, and f0 = 117 Hz give fmd = 74.3
Hz, consistent with measurement. This confirms that placement in C alters the resonance
(stiffening effect), whereas placement in L1 leaves the response essentially unaffected,
ensuring more reliable measurements. From a practical standpoint, when the measured
impedance curves show only small local maxima close to the board’s eigenmodes, the
exciter can be considered to operate safely above its own resonance, hence ensuring reliable
measurements [182, 266].

4.2 Cost-effective measurement chain validation

In this section, two experimental measurement chains are tested to evaluate the consistency
of the estimation routine presented in Chapter 3 and to systematically validate a simplified
and more accessible measurement chain, following the advantages given from cost-effective
solutions, as suggested from Section 4.1. To do this, a modal identification and estimation
process is conducted for two measurement setups on a single small tonewood sample left
from a guitar making process. As for the Kantele small rectangular sample in Section 3.6, the
specimen is set under cantilever BCs using the same clamping system, as shown in Figure
4.11. The trivial properties of the plate are reported in Table 4.4.
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Fig. 4.10 Modeled response of the plate–exciter system for Exciter 3. When positioned at
point C, the system exhibits increased stiffness, as indicated by the rightward shift of the
board’s resonance peak. This shift is also visible in the electrical impedance plot, reflecting
the enhanced mobility of the exciter once coupled to the board.

Lx [m] Ly [m] h [m] r [Kg/m3]

⇡ 0.077 ⇡ 0.093 ⇡ 0.0033 ⇡ 390

Table 4.4 Trivial physical properties of the tonewood sample from the guitar top plate.

4.2.1 High-end experimental setup

For the first experimental setup, representing the reference configuration, the signals from
a PCB 086E80 miniature impact hammer and the acceleration signal from a PCB 352A21
uniaxial accelerometer are recorded using a dedicated National Instruments Compact De-
vice Acquisition platforms (DAQs) through the Matlab Data Acquisition Toolbox. For this
measurement setup, the accelerometer roves across eleven different measurements locations
on the specimen surface. Once acquired, the measured data was then processed using the
commercially available B&K Connect software, serving as a benchmark for the current eval-
uation. This allows the computation of all the FRFs per each point as well as a reconstruction
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Fig. 4.11 Tonewood sample used in guitar making, here set under cantilever BCs.

of the experimental modal shapes via an industry standard measurement chain. A visual
illustration of the measurement chain is given in Figure 4.12.

Fig. 4.12 Experimental Setup 1 for the tonewood sample from the guitar top plate. From
left to right: schematic of the test configuration used to extract modal parameters via BK
Connect software. Eleven accelerometer positions (light blue) and one impact location (red)
are marked on the plate surface.

Cost-effective experimental setup

For the second experimental setup, a lower cost experimental measurement chain is adopted.
The National Instruments DAQs are here replaced by the ZOOM F8 Audio interface, which,
besides being a more accessible device, also represents a common interface used in many
different audio related contexts, hence providing a more user-friendly tool. The matlab
toolbox is also replaced by the free Audacity audio editor software [252]. On the other hand,
concerning the post-processing side, the Chladni Patterns setup from Section 3.6 is used
over the B&K Connect software to identify the deflection patterns on the plate surface. This
was done using an electrodynamical exciter, following the validation offered in Section 4.1.
A free and accessible dedicated patch in PureData, offering several excitation test signals,
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was implemented and used in this experimental setup. It specifically allows to generate and
reproduce four different test signals:

• Frequency oscillator. This enables precise adjustment of the excitation frequency,
which can be set using two horizontal sliders: the upper slider controls the coarse
frequency, while the lower slider allows fine-tuning within a restricted range. Alterna-
tively, the oscillator may also be operated via an external MIDI controller.

Fig. 4.13 Zoomed in view of the frequency oscillator section of the PD patch.

• Noise generator. This feature outputs a white noise signal which can be filtered by
tweaking the cutoff frequency slider controlling a low-pass filter.

Fig. 4.14 Zoomed in view of the noise generator section of the PD patch.
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• Exponential sine sweep. The exponential sine sweep module provides a customizable
excitation signal, allowing the use of tailored frequency sweeps as input for the
measurements.

Fig. 4.15 Zoomed in view of the exponential sine sweep section of the PD patch.

• External audio file. This allows the user to upload and playback a personal audio file
which can be used to excite the musical instrument plate.

Fig. 4.16 Zoomed in view of the external audio file section of the PD patch.
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The patch is available online at: https://github.com/Nemus-Project/pd-utilities/tree/main/
signals_2_soundboards and its GUI is shown in Figure 4.17 . For this specific measurement

Fig. 4.17 Implementation of the PD patch used to generate excitation signals for the cost-
effective measurement chain. Colors and numbers correspond to different excitation paths.
In the present work, pure sine waves were produced via the patch’s frequency oscillator.

setup, the patch Frequency oscillator is used to easily swap across excitation frequencies,
allowing for a more user friendly and practical solution when carrying out Chladni patterns
tests. The PCB 086E80 miniature impact hammer is used to impact the plate. Nonetheless,
for this setup a simple visual peak identification was performed from the spectrum computed
through the Audacity own Fast Fourier Transform (FFT) algorithm. As a result, the full FRF
is not calculated here and the acquisition of forcing input signal can be skipped, suggesting
the use of alternative impulsive excitation techniques. Therefore, any kind of short impulsive
forcing signal would assure a broad frequency range [98]. From preliminary investigations,
the use of a small piano hammer yielded promising results as the same frequency peaks could
be identified from the analyzed output spectrum. Also, alternative and simpler excitation
techniques were suggested for similar measurement scenarios, demonstrating how a reliable
excitation signal can be easily obtained with more accessible solutions [147]. However, such
evaluation is not presented here in order to exclusively focus on the full measurement chain
and the different signal processing stages. Finally, an accelerometer was used here instead of
a microphone, as the acoustics environment did not allow for an adequate signal-to-noise
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ratio. Also, the use of an accelerometer is of interest as in many workshops scenarios the
acoustics environment might not be suitable for the use of a pressure microphone. Although
a low-cost accelerometer was tested in a preliminary study, it was discarded as significant
differences were observed when comparing its response signal to that of a reference model.
Therefore, the same accelerometer used in Section 4.2.1 was again used here to provide
accurate acquisition data. Further research will investigate on the efficiency of lower cost
solutions. As per the previous setup, an visual illustration of the measurement chain is
provided in Figure 4.18.

(a) Step 1: From left to right: schematic of the measurement chain showing one accelerometer (light
blue) and one impact point (red), both positioned at the top-left corner of the sample.

(b) Step 2: From left to right: schematic of the measurement chain used for identifying ODSs via
Chladni patterns tests.

Fig. 4.18 Experimental Setup 2 for the Guitar leftover.

Results

Figure 4.19 shows the first four modes that were successfully detected from the two measure-
ments campaigns. While the same deformation patterns can be visually identified, differences
in the frequency peaks are  4.4%, indicating good agreement between the two setups.
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Fig. 4.19 Comparison of mode detection across the two experimental setups. Top row:
identified experimental mode shapes. Bottom row: corresponding ODSs observed on the
leftover plate sample.

Successively, the method from Section 3 is conducted to estimate the plate elastic
constants. Table 4.5 reports the estimated mean values and standard deviations for the two
cases, while Figure 4.25 visually illustrates the results.

Ẽx (GPa) Ẽy (MPa) G̃xy (MPa)

Cost-effective experimental setup
mean 6.3 788 563

rel. std 1.22% 2.55% 3.57%

High-end experimental setup
mean 6.2 763 507

rel. std 2.12% 4.5% 6.79%

Table 4.5 Estimated mean values and relative standard deviations of the elastic constants
obtained from the two experimental setups.
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Fig. 4.20 Visual representation of the mean values and relative standard deviations for the
estimations in Table 4.5

To assess the impact of the different estimates on the plate modal behavior, a FEM model
of a guitar top plate is implemented in COMSOL and two eigenfrequency studies are run
using the two sets of elastic constants. The model is built based on a real guitar plate, which
will be discussed and assessed in a second case study presented in Section 4.5. The value of
r used in the model is taken from Table 4.4. The Plate component is used to perform the
studies, and a homogeneous h is assumed. An extremely fine predefined mesh grid is used to
ensure reliable results. A visual representation of the modeled geometry and of the mesh
grid is given in Figure 4.22.

(a) Modelled CAD geometry. (b) COMSOL mesh grid.

Fig. 4.21 COMSOL model of the reference guitar top plate. The soundhole is omitted to
match the actual guitar plate analyzed in Section 4.5.
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A comparison of the two sets of resulting eigenfrequencies and eigenshapes is given
through Figure 4.22. Specifically, Figure 4.22a compares the first seven eigenfrequencies
obtained from the high-end experimental setup (in blue solid line) and the cost-effective
measurement chain assessed in this section (appearing as dashed red line). The discrepancies
are also reported in Table 4.6.

(a) Eigenfrequencies comparison. (b) Eigenshapes comparison.

Fig. 4.22 Comparison of modal results obtained using the two sets of estimated elastic
constants from different experimental setups. The first seven modes are considered. (a)
Simulated eigenfrequencies: solid blue line for Setup 1, dashed red line for Setup 2. (b)
MAC analysis comparing the corresponding simulated sets of modal shapes.

Mode Index 1 2 3 4 5 6 7

2 | f1� f2|
f1+ f2

[%] ⇡ 1.7 ⇡ 1.8 ⇡ 1.3 ⇡ 1.8 ⇡ 1.9 ⇡ 1.2 ⇡ 1.8

Table 4.6 Discrepancies in the simulated eigenfrequencies obtained from the two sets of
estimated elastic constants.

On the other hand, Figure 4.22b presents a MAC analysis comparing the respective first
seven eigenshapes from the two sets of data. Overall, as it can be clearly observed from the
numerical results, an high consistency is confirmed, validating the use of a more accessible
experimental setup when performing the estimation routine introduced in Chapter 3 under
practical workshop settings.
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4.3 Elastic constants estimation of a guitar board via a
cost-effective experimental setup

A second experimental validation for the method described in Section 3 is given by taking
advantage of the experimental outcomes achieved from Sections 4.1 and 4.2. Specifically, the
use of exciters is exploited for the estimation of elastic constants for a full rectangular guitar
plate for which a higher force amplitude is required to excite all the interested experimental
modes. In addition to the need for stronger wideband excitation, the size and weight of the
plate also require the plate to be horizontally constrained on all sides, thus making the use
of exciters. The specimen consists of two quarter-sawn spruce billets joined in a traditional
book-matched configuration, a classic technique in instrument making in which two mirrored
pieces are glued together to form the full board [223]. The material was purchased from
the Fiemme Valley supplier Ciresa [94] , renowned for high-quality red spruce used in
luthiery. To reproduce conditions similar to those encountered once the board is assembled
into an instrument [118], the sample was tested under fully clamped edges. For this purpose,
a plexiglass frame weighing 8 kg was prepared, fitted with uniformly spaced clamps. A
second plexiglass counter-frame was pressed against the specimen, ensuring distributed
pressure along the entire perimeter. The configuration is shown in Figure 4.23. The effective
geometry of the clamped plate is Lx = 60 cm, Ly = 41.2 cm, thickness h= 3 mm, with density
r = 399 kg · m�3. The aspect ratio is therefore s = 105/103, and the corresponding modal
coefficients am,n, bm,n, and cm,n are taken from Table 3.7. A custom-built electro-dynamic
driver (48 g moving mass, 25 mm diameter voice coil, 8 W nominal impedance) was used.
This ensured both sufficient force amplitude and ease of operation when working on the
horizontal test configuration. An ESS test signal ranging from 45 Hz to 8 kHz was used to
excite the board. Measurements were carried out by repositioning the exciter across four
selected points on the plate surface. As a sufficient signal-to-noise ratio was achieved and
room surfaces were covered using absorbing materials, reducing the sound reflection energy,
an Earthworks MD30 class-1 microphone positioned at a short distance from the board (125
mm) was used to capture the response acoustics signal. The recorded data was processed
with the Aurora software suite [56] to obtain impulse responses. The identified experimental
frequencies used to perform the estimation process are collected in Table 4.7. To visualize
the corresponding mode shapes, classical Chladni figures were generated. Differently from
the chladni figures obtained in the previous sections, dry small tea leaves are now used to
perform this test. Compared to the fine sand used previously, the coarser particles allow for
a simpler and clearer visualization of the ODS on the plate, as they adhere less strongly to
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Fig. 4.23 Experimental setup and corresponding Chladni patterns for the spruce guitar
board. The measurement used an Earthworks MD30 class-1 microphone and a custom-built
electrodynamic exciter with a 8 W nominal impedance, a 48 g moving mass and a 25 mm
voice coil diameter.

(0,0) (0,1) (1,0) (1,1) (0,2) (1,2)

Measured freqs. (Hz) 57 99 130 162 170 224

Table 4.7 Measured modal frequencies of the fully clamped spruce guitar plate.

the wooden board. The board was driven at the measured resonance frequencies with pure
sine tones while dried tea leaves were spread over its surface. The leaves accumulated along
nodal lines, revealing the modal patterns, which are displayed in Figure 4.23.

4.3.1 Results

The mean estimated elastic constants values and the associated standard deviations are
reported in Table 4.8 As per the previous preliminary validation in Section 3.6, a comparison
between the numerical eigenfreuquencies obtained by inputting the estimated values in
COMSOL and the experimental peaks is presented in Table 4.9. Again, errors fall below 2%,
hence confirming the accuracy of the method introduced in Section 3 when applied to a full
guitar soundboard in a realistic instrument-making context. This result was obtained using
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Ẽx (GPa) Ẽy (MPa) G̃xy (MPa)

Finnish spruce (cantilever)
mean 10.4 994 526

rel. std 0.9% 3.1% 14%

Table 4.8 Elastic constants mean values and corresponding standard deviations for the guitar
rectangular plate. Values are in line with available literature values for spruce, as in [47,
p.96].

Meas. (Hz) Num. (Hz) D fn (Hz) D fn
fn (%) D fn (cent)

(0,0) 57 56 -1 -1.8 -31
(0,1) 99 98 -1 -1 -17
(1,0) 130 130 0 0 0
(1,1) 162 161 -1 -0.6 -11
(0,2) 170 168 -2 -1.2 -20
(1,2) 224 221 -3 -1.3 -23

Table 4.9 Errors between experimental and numerical eigenfrequencies, for the spruce guitar
plate, under fully clamped BCs. Numerical eigenfrequencies were computed in COMSOL
using the mean elastic constant values from Table 4.8.

an accessible experimental setup, further demonstrating the applicability of the measurement
framework validated in Sections 4.1 and 4.2.

4.4 Validation of an open source toolbox for material char-
acterization

In the previous sections, a commercial software (i.e. COMSOL) was used to compute the
necessary training data needed for the calculation of the modal coefficient in the estimation
routine described. In order to move towards a complete open source framework for the
estimation of tonewoods elastic constants, the use of the MagPie open source toolbbox is
here validated.

4.4.1 Introduction to MagPie

MagPie represents a free Matlab toolbox for modeling the dynamical behavior of thin
rectangular plates, based on a series of Matlab scripts available at: https://github.com/
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Nemus-Project/magpie-matlab. MagPie is based on an FD-based solution to the KL plate
equation given in 2.32 as comprehensively described in [80, 132]. One of the main features
of the toolbox is the implementation of arbitrary BCs which are enforced in the modeling as
elastic forces. Accordingly, the expressions of force and moment from 4.4 are here expressed
as:

Fn(0,y, t) = K(x0)w(0,y, t), Mnn(0,y, t) = R(x0) ∂w(0,y, t)
∂x

, (4.3)

where K(x0) and R(x0) are the translational and rotational spring constants applied at the
boundary x = 0. Analogous expressions apply at the other edges (x = Lx, y = 0, y = Ly) with
the corresponding constants K(�) and R(�), where � denotes either x or y direction. BCs are
then set as:

Free : K� = R� = 0,

Simply-Supported : K� ! •,R� = 0

Clamped : K� ! •,R� ! •.

(4.4)

The translational and rotational springs acting at the boundaries are illustrated in Figure
4.24. The governing Kirchhoff-Love PDE is discretized using a two-dimensional central

Fig. 4.24 Illustration of translational and rotational spring constants along plate edges

finite-difference scheme where the displacement field w(x,y, t) is discretized on a rectangular
grid of step sizes Dx,Dy, yielding nodal values wl,m(t) at (xl,ym). The nodal spacings in the x
and y directions are set from two user-defined parameters: the maximum frequency fmax to
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be resolved and the number of points per wavelength (ppw). The relationship between the
mesh size and ppw is obtained as:

D� =
cf
� ( fmax)

fmax ·ppw
(4.5)

Where cf
� ( f ) is the frequency-dependent phase velocity of bending waves (dispersive in

nature). The number of grid points along each direction is then given by

N� =
L�
D�

(4.6)

with L� the plate dimension in the chosen direction. This ensures that all bending waves up to
fmax are sampled with the required spatial resolution, thereby avoiding numerical dispersion
and guaranteeing accurate modal reproduction. The toolbox allow for both direct and inverse
modeling. The former enables to predict the modal behavior for a given plate by inputting
known values for the elastic parameters in the model while the latter permits to retrieve an
estimate of Ex, Ey and Gxy, based on the estimation method introduced in Chapter 3 and by
effectively substituting the need of COMSOL and integrating the whole estimation routine
within a set of Matlab scripts.
For the purpose of this research, the toolbox is here firstly benchmarked against COMSOL
considering a numerical rectangular orthotropic plate. Successively, the inverse modeling
capabilities are validated by comparing the estimated elastic constants for the tonewood
sample considered in Section 3.6 against the reference estimated values in Table 3.14.

4.4.2 Numerical benchmarking

First, a numerical orthotropic rectangular plate is modeled in COMSOL and in MagPie under
different sets of BCs, namely fully constrained, free and cantilever BCs. The values used in
the MagPie toolbox for the different BCs are given in Table 4.10 and the plate parameters are
reported in Table 4.11.
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K(x0) R(x0) K(0y) R(0y) K(xL) R(xL) K(Lx) R(Ly)

C�C�C�C 1e10 1e10 1e10 1e10 1e10 1e10 1e10 1e10

C�F �F �F 0 0 1e10 1e10 0 0 0 0

F �F �F �F 0 0 0 0 0 0 0 0

Table 4.10 Translational and rotational spring constants for the different sets of BCs defined
along the numerical plate edges.The large values are used to represent clamping.

Kirchhoff plate parameters

r Lx Ly h E0
x E0

y Gxy nxy

390 60 20 1 10.9 640 580 0.39
kg · m�3 mm mm mm GPa MPa MPa

Table 4.11 Input constants for the COMSOL simulations, inspired from the table in [47]
(page 96).

The mesh resolution is increased in both modeling approaches to improve the accuracy
of the computed eigenfrequencies. This is achieved in COMSOL by setting a fixed number
of nodes in the mapped mesh. In MagPie, the same is achieved increasing the value of points
per wavelength by directly changing the ppw value in the toolbox. The relative errors on the
computed eigenfrequencies at increasing ppw are shown in Table 4.12, 4.13, 4.14. Overall,
a very good agreement is found comparing the two methods, proving the accuracy of the
MagPie toolbox.
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Error [%]

ppw=3 ppw=4 ppw=5 ppw=6 ppw=7 ppw=8 ppw=9 ppw=10

(0,0) 1.12 0.59 0.33 0.07 0.07 0.07 0.07 0.00

(0,1) 1.40 0.70 0.35 0.18 0.18 0.18 0.01 0.00

(0,2) 2.39 1.30 0.76 0.44 0.33 0.23 0.12 0.00

(1,0) 2.09 1.22 0.68 0.36 0.15 0.04 0.06 0.00

(1,1) 2.18 1.24 0.32 0.32 0.32 0.32 0.32 0.00

(1,2) 2.39 1.64 0.91 0.19 0.19 0.19 0.19 0.00

Table 4.12 Errors between COMSOL and MagPie eigenfrequency study for a fully clamped
rectuangular plate.

Error [%]

ppw=3 ppw=4 ppw=5 ppw=6 ppw=7 ppw=8 ppw=9 ppw=10

(0,0) 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07

(0,1) 0.31 0.14 0.13 0.03 0.04 0.05 0.06 0.06

(0,2) 0.62 0.62 0.06 0.06 0.06 0.06 0.06 0.06

(1,0) 0.74 0.29 0.28 0.17 0.18 0.19 0.20 0.20

(1,1) 1.16 0.58 0.30 0.29 0.29 0.00 0.00 0.00

(1,2) 1.36 0.64 0.40 0.40 0.16 0.16 0.16 0.16

Table 4.13 Errors between COMSOL and MagPie eigenfrequency study for a rectuangular
plate under cantilever BCs.
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Error [%]

ppw=3 ppw=4 ppw=5 ppw=6 ppw=7 ppw=8 ppw=9 ppw=10

(0,0) 0.30 0.11 0.01 0.05 0.10 0.12 0.14 0.17

(0,1) 0.62 0.41 0.23 0.00 0.11 0.08 0.06 0.05

(0,2) 0.55 0.22 0.07 0.00 0.09 0.12 0.16 0.18

(1,0) 1.24 0.74 0.45 0.62 0.21 0.14 0.08 0.08

(1,1) 1.17 0.67 0.36 0.43 0.12 0.09 0.04 0.02

(1,2) 1.32 0.94 0.51 1.69 0.29 0.16 0.11 0.09

Table 4.14 Errors between COMSOL and MagPie eigenfrequency study for a rectuangular
plate under free1 BCs.

4.4.3 Inverse modelling validation

To validate the accuracy of the toolbox in the estimation of the thin plate elastic constants,
the same tonewood sample assessed in the preliminary validation illustrated in Section 3.6
is considered here. For this purpose, the necessary initial elastic constants to generate the
training set of numerical plates, as well as the required measured experimental frequencies,
are inputted into the Matlab script. The toolbox then automates the estimation of the modal
fitting parameters and encompasses the least squares process to provide the final estimate for
Ex, Ey, and Gxy. The comparison between the two sets of estimations is reported in Table
4.15.
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Ẽx (GPa) Ẽy (MPa) G̃xy (MPa)

Reference estimation
mean 13 700 668

rel. std 4% 2.2% 6.5%

MagPie based inverse modeling
mean 13 704 643

rel. std 3.3% 1.23% 5.96%

Table 4.15 Estimated elastic constant mean values and relative standard deviations for the two
sets of estimated elastic constants. The reference estimation is peformed using COMSOL as
discussed in Section 3.6.

The results show an excellent agreement between the reference estimation and the values
obtained from the MagPie-based inverse modeling. The mean values of Ex, Ey, and Gxy are
nearly identical in the two cases, and the small discrepancies observed are fully encompassed
within the relative standard deviations of the respective estimates, as it can be clearly seen
from the illustration in Figure 4.25.
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Fig. 4.25 Visual representation of the mean values and relative standard deviations for the
estimations in Table 4.15

This confirms both the accuracy and the reliability of the open-source implementation
with respect to the reference methodology. Therefore, the free framework can effectively be
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integrated within the cost-effective measurement chain validated in Section 4.2 and the use of
small exciters introduced in Section 4.1 to provide a more accessible and resource-effective
measurement ecosystem to perform modal analysis on musical instrument plates.

4.5 Case study 2: Material Characterization of musical
instruments plates using tonewood Leftovers

After a comprehensive experimental validation of the estimation routine, a case study is
presented in this section. Particularly, the aim here is to investigate the effectiveness of
predicting the global behavior of a complete instrument plate by estimating its elastic constant
from wood leftovers remaining from its manufacturing process. This matter is of interest not
only to luthiers and instrument makers, since early material characterization based on small
specimens can support quality control and design optimization during manufacturing, but also
for assessing the reliability of estimation methods when access to the original soundboard
is restricted or denied, for example due to conservation requirements or limited instrument
availability. Analogously, this investigation aims to assess the natural uncertainty caused by
quarter-sawn wooden plates. To this end, two case scenarios are considered. FEM models
are developed for both a guitar top plate and a kantele top plate, using elastic and physical
parameters obtained from their leftover samples. The numerical predictions are then validated
by comparison with experimental data measured on the actual instrument plates, allowing us
to assess how well the estimated properties reproduce the observed modal behavior.

4.5.1 Guitar top plate

The guitar top plate was constructed by joining two book-matched rectangular halves. After
assembly, the board was planed down to the target thickness of approximately 3.3 mm. Once
the plate was shaped, an appropriate leftover sample was selected for material testing, as
illustrated in Figure 4.26. Note that this is the same leftover considered in Section 4.2 so the
elastic properties are taken from Table 4.4. The basic physical characteristics of the shaped
guitar plate are summarized in Table 4.16.

A [m2] h [m] r [Kg/m3]

⇡ 0.16 ⇡ 0.0033 ⇡ 385

Table 4.16 Trivial physical properties of the guitar top plate.
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Fig. 4.26 Selection of the guitar plate leftover

Here, it is important to note that density fluctuations are known to occur even among
boards cut from the same tonewood source [275]. Additional variability may arise from
differences in fibre alignment, growth ring orientation, or moisture content, all of which can
influence local material density [187, 270]. For the purposes of the present work, however,
such uncertainties were not explicitly accounted for. As an elastic properties characterization
of the sample was already conducted in Section 4.2, the estimated elastic constants obtained
from the validated cost-effective setup are here used to collect the simulated data.

EMA measurements on the guitar top plate

EMA measurements are performed on the top plate to assess the accuracy of the FEM
simulations. A dedicated clamping system is used to fully constrain the board, and a
similar measurement setup to the one validated in Section 4.1 and Section 4.3 is here
implemented. Two impulse response measurements on the guitar plate were obtained by
using ESS test signals via an exciter while recording the response through an uniaxial PCB
352A21 accelerometer. The exciter was placed sequentially at two positions, located on the
left and right waist of the board (red circles in Figure 4.27), while the response was captured
by a lightweight uniaxial accelerometer fixed on the upper-right portion of the plate (light
blue circle in Figure 4.27).
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Fig. 4.27 EMA setup on the guitar top plate. Two exciter positions are shown in red on the
right, and the accelerometer measurement location is indicated in light blue.

Chladni pattern experiments were also performed on the guitar plate, after identifying the
resonance peaks from the frequency response spectra.

Estimated and Observed modal behavior

Figure 4.28 shows a side-by-side comparison between the predicted and experimentally
observed deflection patterns of the guitar soundboard. Overall, the agreement is strong
for most of the extracted mode shapes and ODSs. The discrepancy between the computed
eigenfrequencies and the measured natural frequency peaks ranges from about 0.5% to 9%,
with a standard deviation of 3.1%.

Fig. 4.28 Comparison between the modal behavior predicted by the FEM model of the guitar
top plate and that observed experimentally through Chladni patterns on the physical board.
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4.5.2 Kantele top plate

In the second case study, the focus shifts to a concert kantele top plate. The instrument’s
soundboard was produced by joining multiple spruce planks and subsequently shaping them
into the required geometry. From one of the remaining planks, a small rectangular offcut was
selected and mounted with the same BCs used for the guitar leftover. An illustration is given
in Figure 4.29.

Fig. 4.29 Selected kantele plate leftover under cantilever BCs. Black solid lines sketch the
geometry of the original planks from which the smaller sample (denoted in orange on the
left) was taken.

The leftover piece is the same used in Section 3.6. The basic physical properties of the
complete kantele top plate are listed in Table 4.17. The leftover properties are recalled and
summarized in Table 4.18.

A [m2] h [m] r [Kg/m3]

⇡ 0.35 ⇡ 0.0039 ⇡ 464.4

Table 4.17 Trivial physical properties of the kantele top plate

Lx [m] Ly [m] h [m] r [Kg/m3]

⇡ 0.223 ⇡ 0.114 ⇡ 0.003 ⇡ 473.9

Table 4.18 Trivial physical properties of the kantele leftover sample.

Accordingly, the estimated elastic constants from Table 3.14, are used to inform the FEM
simulations.
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EMA measurements on the kantele top plate

For the EMA tests, a different experimental setup was considered. The kantele soundboard
was supported on three small foam pads to approximate free-edge BCs. The structure was
excited at a single location using an impact hammer, while its response was captured over
the entire surface through a scanning LDV. The modal characteristics were then extracted
using the Complex Mode Indicator Function (CMIF) approach [42], which enabled the
reconstruction of the mode shapes. Figure 4.30 reports the experimental configuration.

Fig. 4.30 EMA set-up for the kantele top plate under fully free BCs.

Estimated and Observed modal behavior

Figure 4.31 compares the predicted and experimentally identified mode shapes for the kantele
plate. While certain correspondences can be seen, the discrepancies are noticeably larger
than in the guitar plate case, with frequency deviations ranging from 5.6% up to 30% (SD
= ±8.4%). Several factors may account for these differences. A first source of uncertainty
lies in the experimental setup, as achieving ideal free BCs is inherently challenging and
may introduce deviations between measured and simulated results. In addition, the elastic
constants were derived from a relatively small leftover sample originating from one of several
planks used in the instrument’s construction, meaning the estimated properties may not fully
represent the average behavior of the complete soundboard.
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Fig. 4.31 Comparison between the modal behavior predicted by the FEM model of the
kantele plate and the experimentally measured mode shapes and identified eigenfrequencies.

Research considerations

For the guitar plate, the estimated modal responses showed good agreement with experiments,
with discrepancies across the first identified modes remaining below 9%. In contrast, the
kantele plate exhibited considerably larger deviations. Overall, these are likely linked to
the inherent difficulty of reproducing ideal free BCs in practice. Furthermore, it should be
stressed how deriving elastic constants from a single leftover piece taken from one plank
may not adequately represent the overall properties of the assembled soundboard. Variations
in fiber orientation, annual ring distribution, and other natural heterogeneities can lead
to significant differences across the instrument. Moreover, while the effect of moisture
content is not explicitly assessed within this thesis, it is expected to further contribute to
uncertainty given its impact on material properties, as discussed in Section 2.2.4. Future
research investigations will also account for this parameter. Within the scope of this study, the
discrepancies observed between simulated and measured data play a key role in assessing the
reliability of using small specimens to characterize the material properties of full soundboards.
This aspect is of practical importance not only for luthiers, who rely on accurate material
assessments during instrument making, but also for addressing uncertainties in numerical
modeling and for informing conservation practices on historical instruments, as will be
further explored in Chapter 6.

4.6 Summary

This chapter introduced the validation of electro-dynamic actuators (i.e., exciters) for wide-
band experimental modal analysis (EMA) measurements on musical instrument plates. In
particular, reliable results were achieved up to 8 kHz. Impedance measurements were em-
ployed to efficiently identify the most suitable excitation point on the plate, thereby providing
a valuable diagnostic tool for selecting the correct measurement configuration. Following the
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exciter validation, a cost-effective measurement chain was also proposed after comparison
with a reference-standard EMA setup, which showed good agreement in the identification of
modal parameters between the two configurations.

The validated exciters were then combined with the low-cost measurement chain to
perform a further experimental validation of the estimation method introduced in Chapter 3.
As in the first validation described in Section 3.6, low discrepancies were again observed be-
tween the experimentally measured eigenfrequencies and the numerical predictions obtained
in COMSOL using the average estimated elastic constants, thereby confirming the reliability
of the proposed cost-effective measurement setup.

A further comparison between the free MATLAB toolbox MagPie and COMSOL was also
carried out to assess the suitability of an open-source numerical tool for modelling the modal
behaviour of thin rectangular plates under different boundary conditions. The low numerical
deviations observed between COMSOL and MagPie successfully validated the latter. As
a result, a fully cost-effective analysis ecosystem can be proposed for performing modal
analysis measurements and accurately estimating the elastic constants of thin orthotropic
plates, thus satisfying the second and third research objectives stated in Section 1.5.

Finally, an application case study was presented, investigating the use of tonewood
leftovers for estimating the elastic properties of musical instrument top plates. This study
provided insights into potential sources of uncertainty in the accurate estimation of rigidity
constants for full plates, mainly attributable to the use of multiple wood planks in the
construction of certain musical instruments and to the practical difficulty of implementing
ideal experimental boundary conditions in laboratory or workshop environments.
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Chapter 5

FEM-based validation of thin-plate
assumptions in musical instruments plates

The method introduced in Chapter 3 as well as many of the estimation routines mentioned in
the literature review provided in Section 1.2 are based on thin-plate modeling assumptions.
Overall, when it comes to musical instruments plates modeling, the KL equation in (2.32)
represents a standard choice thanks to its efficiency and simplicity [258, 74, 120, 30, 132].
Nonetheless, these assumptions become less reliable as the area-to-thickness ratio of the plate
under test increases, introducing more complex deformation effects due to the transverse
shear deformation and rotary inertia phenomena [62] which are better described by the thicker
plate MR model layed out in 2.37. It is then crucial to verify the validity of the in-plate
assumptions of a given plate or soundboard in order to assess the accuracy of the estimated
elastic properties. Dispersion analysis offers a valuable tool to validate these criteria [38, 89,
238]. An example of this approach is given in Figure 5.1. The graph compares the dispersion
relations obtained from the KL and MR theories. The MR model produces three dispersion
branches, here named as w1,w2 and w3, which appear as planar surfaces when expressed in
terms of the wave vector components. At small wavenumbers (kkk! 0), the lowest branch
approaches the KL curve, showing that the two models coincide in the long-wavelength limit.
A distinctive property of the MR description is that two of its branches do not extend to zero,
but instead they are bounded by cutoff frequency values. These are analogous to the cutoff
frequencies observed in the Timoshenko beam model [77, 78]. Below these thresholds, shear
deformation effects are usually regarded as negligible. The cutoff frequencies are obtained
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Fig. 5.1 Top row: the three branches of the Mindlin–Reissner dispersion relation, derived
from (2.40) and here referred to as w1, w2, w3. Bottom row: frequency deviations, between
the lower branch of the MR model and the KL dispersion relation, plotted as a function of
the wavenumbers kx, ky. The deviation is defined as Dcentw := 1200log2(wKL/wMR), where
a difference of 100 cents equals one semitone. Plate parameters correspond to typical spruce,
as reported in [47, page 96].

by evaluating the dispersion relation in the limit kx,ky ! 0, leading to:

w0x =
1
h

s
12k2Gxz

r
, w0y =

1
h

s
12k2Gyz

r
. (5.1)

Since they scale with 1/h, these cutoff values decrease for increasing plate thickness,
meaning that shear-related corrections can emerge at progressively lower frequencies as
h grows. For example, with a thickness of h = 5 mm and material parameters typical of
tonewood, the cutoff values still lie well above 10 kHz. The bottom row of Figure 5.1 shows
deviations, expressed in cents, between the lowest MR branch and the KL dispersion curve,
clearly revealing a thickness dependence. However, this dispersion analysis is conducted over
unbounded domains, neglecting the impact of BCs and finite geometries. Thus, this section
aims to introduce an alternative analysis framework to validate thin-plate assumption in the
modal domain. Particularly, the framework of analysis is here numerically conducted exploit-
ing the use of FEM based models and by taking advantage of the non-dimensionalisation
introduced in Chapter 3 to generalize the methodology across different geometries and
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material properties. As test cases, three geometries are assessed including both rectangular
shapes boards as well as geometries inspired from real musical instruments soundboards.

5.1 A non-dimensional framework

The scaling law introduced Equation 3.1 provides a useful framework for interpreting the
results. If the material parameters (density and elastic constants) and BCs are kept fixed, the
scaling depends exclusively on h and A. This makes it possible to describe how deviations
in modal frequencies and shapes from a reference baseline can be understood in terms of
changes in h and A. To this end, a non-dimensional parameter is here defined as:

i :=
p

A
h

. (5.2)

The square root of the area can be regarded as a representative length scale, consistent with
earlier formulations [158]. In this chapter, this non-dimensional parameter is used to analyse
the modal data obtained from COMSOL using the MR plate model. In particular, it provides
a convenient means to track deviations between thin- and thick-plate models by monitoring
different scaling trends of the non-dimensional frequencies, as it will be discussed in Section
5.6.

Although the derivation of the non-dimensional equations was carried out for a rectangular
geometry, the parameter definition in (5.2) will be applied to plates of arbitrary shape in the
following. It is important to recall that the dimensional angular frequencies w are obtained
from the non-dimensional ones w̄ by rescaling with the time constant in (3.1):

w2 =
Ds

rhA2 w̄2. (5.3)

This relationship provides a direct link between dimensional and non-dimensional quantities
and will be used throughout the subsequent analysis.

5.2 Plates geometries

The three plate geometries are shown in Figure 5.2. The first is a rectangular plate with
aspect ratio a = 3, a geometry commonly encountered in book-matched soundboards [118].
The remaining two shapes correspond to real instruments: a classical guitar and a concert
kantele. These have been modeled without any bracing or additional structural components.
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The kantele outline was extracted in COMSOL with the Image to Curve Add-In from a
high-resolution photograph of the board considered in 4.5.2, while the guitar shape was
defined by a fourth-order B-spline interpolating manually selected boundary points. As the
purpose of this investigation is not an accurate reconstruction of specific musical instruments,
these geometries serve as representative examples of realistic soundboard plates used to test
the methodology in different scenarios.

Fig. 5.2 Plate geometries considered in this study: rectangular, kantele, and guitar-inspired
plates. The figure is for illustrative purposes only; dimensions are not to scale. The x-axis
(longitudinal direction) is oriented vertically.

Table 5.1 summarizes the surface areas of the three geometries. For each type, Plate 2
represents the reference area, while Plates 1 and 3 correspond to additional variants which
are obtained by scaling the plates by a factor of four. The material properties employed for

R.Plates K.Plates G.Plates
(m2) (m2) (m2)

Plate 1 1.92 1.39 0.55
Plate 2 0.48 0.34 0.13
Plate 3 0.12 0.08 0.03

Table 5.1 Surface areas of the rectangular (R.Plates), kantele (K.Plates), and guitar (G.Plates)
geometries. Values are rounded to two decimal places for clarity. Bold entries indicate the
reference configurations, representative of typical instrument soundboards. Smaller and
larger variants are derived by scaling the linear dimensions by a factor of two.

all geometries are listed in Table 5.2, based on values reported for spruce in [47, p. 96].
While COMSOL requires Ez, nxz, and nyz as input parameters, these do not explicitly appear
in 2.37. Previous studies have indeed indicated that, for thin plates, the eigenfrequencies
show low sensitivity to variations in these out-of-plane constants, particularly in the context
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of acoustical radiation [40, 269, 187]. To track changes occurring in the modal domain,
the thickness for each geometry kind is increased at discrete steps. Thickness values of
h = 0.5,0.75,1,2,3,4,5,10,20,30 mm are considered for the rectangular and kantele plates
while h = 0.1,0.5,0.75,1,2,3,4,5,10,20,30 mm are used for the guitar plates, resulting in
a total of 30 modeled plates for the rectangular and kantele shapes and 33 for the guitar top
plates.

r Ex Ey Ez Gxy Gxz Gyz nxy nxz nyz

390 10.9 0.64 0.42 0.58 0.59 0.026 0.39 0.49 0.64
kg m�3 GPa GPa GPa GPa GPa GPa

Table 5.2 Material input properties for all the plate geometries, derived from spruce data in
[47, p. 96].

5.3 Reference modal baseline

Eigenfrequencies and corresponding mode shapes for the three plate families were computed
in COMSOL Multiphysics using the Plate module. This module is based on the MR
formulation, which accounts for transverse shear deformation and rotary inertia effects [66].
Each geometry is modeled as a two-dimensional surface with uniform thickness. To define
a modal baseline set of modal shapes and eigenfrequencies under thin plate assumptions,
low thickness values were used: h = 0.1mm for the rectangular and kantele boards and
h = 0.05mm for the guitar plate. This arbitrary low values guarantee that the first six mode
shapes exhibit thin plate modal behavior. Because the COMSOL Plate module does not
include membrane dynamics, such reduced thicknesses do not lead to a change of physical
regime. Instead, they allow the definition of baseline modes against which deviations from
thin-plate behavior can later be evaluated. this also permits arbitrarily large values of the
non-dimensional parameter i . The analysis was carried out for the surface areas listed in
Table 5.1. Within each plate family, scaled modal shapes and frequencies were identical, in
agreement with the non-dimensional assumptions from Section 3.2. These sets of modes
form the baseline and are used as reference throughout the study. Baseline modes are denoted
by Roman numerals (from I to VI). A sufficiently fine mesh was employed to guarantee
numerical convergence, with non-dimensional frequencies f̄ := w̄/2p converging up to four
significant digits.
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5.4 Analysis method

After the validation, the thickness of the different plates was then increased. The obtained
sets of modal shapes and eigenfrequencies obtained at each increased h step are compared
against the reference baseline. The discrepancies in the modal shapes are investigated through
a MAC analysis. This enables to spot modal crossing and modal distortion effects in the
evolution of the modal shapes compared to the original baseline. At each h step, the numerical
modal shapes and frequencies are reordered relatively to the baseline, preserving the original
baseline sequence. If the MAC analysis reveals no links between a mode to the baseline
counterpart, the search extends beyond the first six computed modes. In case no satisfactory
match is found, the corresponding frequency is omitted from the analysis, causing a loss in
the evaluated data analysis. Frequency departures from the baseline are evaluated on the
non-dimensional frequencies f̄ = w̄/(2p) and reported in cents:

D f̄ := 1200log2

✓
f̄baseline

f̄

◆
. (5.4)

The dependence on thickness is characterized by fitting a power law,

D f̄ ⇡ ahb () log(D f̄ )⇡ log(a)+b log(h), (5.5)

with a and b estimated by linear regression in MATLAB.

5.5 Results

5.5.1 Rectangular plates

Figure 5.3 shows the MAC analysis for the rectangular plates while Figure 5.4 reports the
modal shape baseline as well as a visual representation of the modal crossing occurring at
increased h for the smallest rectangular plate. As it can be observed, the analysis reveals how
modal crossings become increasingly significant for smaller plates, most notably for Plate 3
(A = 0.12 m2). By contrast, the largest plate (Plate 1, A = 1.92 m2) maintains MAC values
close to one across all tested thicknesses, with crossings limited to modes 3 and 4 for h � 10
mm. In the case of Plate 2 (A = 0.48 m2), the sixth mode at h = 30 mm no longer correlates
with the baseline, as the associated shape is recovered further up the sequence. A similar
effect is observed for Plate 3, where the sixth mode at h = 20 mm and h = 30 mm is also
shifted to higher positions.
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Fig. 5.3 MAC plots for rectangular plates (R.Plates) compared against the baseline con-
figuration. Each column corresponds to a different plate thickness, while each row repre-
sents an increasing surface area: Plate 1 (A = 1.92m2), Plate 2 (A = 0.48m2), and Plate 3
(A = 0.12m2), from top to bottom.

Fig. 5.4 Illustration of modal crossing happening within the first six mode shapes of the
simulated smallest rectangular plate, (Plate 3, A = 0.12 m2). Each row corresponds to a
different h value. The first row shows the baseline modal shapes and the respective non-
dimensional eigenfrequencies for the modeled plate.

Cent deviations from the thin-plate baseline are reported in Figure 5.5. Deviations
increase systematically with thickness for all plates, with smaller surface areas showing the
largest discrepancies. Higher modes are particularly affected: for modes IV–VI, differences
� 1000 cents appear at h = 30 mm.

117



Fig. 5.5 Cent frequency deviations from the reference baseline (at h = 0.1 mm) for the
rectangular plates.

The best-fit curves are presented in Figure 5.6 together with their exponents in Table 5.3.

Fig. 5.6 Frequency deviations, computed using (5.5), as a function of thickness h for the six
considered non-dimensional frequencies of the rectangular plates. Plate 3 (A = 0.12m2):
red line with plus markers; Plate 2 (A = 0.48m2): blue line with diamond markers; Plate
1 (A = 1.92m2): green line with dot markers. For reference, a deviation of D f̄ = 100
corresponds to one semitone.
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The results indicate that larger plates display an almost quadratic dependence on h, while
the exponents gradually decrease as the surface area decreases.

I II III IV V VI

R.Plate 1 1.98 1.98 1.98 1.96 1.96 1.95
R.Plate 2 1.92 1.92 1.92 1.86 1.85 1.84
R.Plate 3 1.78 1.78 1.78 1.64 1.65 1.65

Table 5.3 Best-fit exponents b, obtained from (5.5), for the fitting curves shown in Figure 5.6.

5.5.2 Guitar plates

From the MAC analysis for the guitar plates given in Figure 5.7, modal crossings between
modes IV and V are observed at h = 20 mm for Plate 1 (A = 0.55 m2), at h = 10 mm for
Plate 2 (A = 0.13 m2), and at h = 3 mm for Plate 3 (A = 0.03 m2). Modal distortion is
also evident across all three guitar plates for h � 10 mm, and again these effects are more
pronounced for smaller areas. Examples of baseline and thick-plate modes for Plate 3 are
shown in Figure 5.8.

Fig. 5.7 The MAC plots for guitar plates (G.Plates) compared against the baseline configu-
ration. Each column corresponds to a different plate thickness, while each row represents
an increasing surface area: from top row to bottom row: Plate 1 (A = 0.55m2), Plate 2
(A = 0.13m2), and Plate 3 (A = 0.03m2), from top to bottom.
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Fig. 5.8 Illustration of modal crossing happening within the first six mode shapes for the
reference plate (Plate 2, A = 0.13 m2). Each row corresponds to a different h value. The first
row shows the baseline modal shapes and the respective non-dimensional eigenfrequencies
for the modeled plate.

Cent deviations are displayed in Figure 5.9. As before, frequency shifts increase with h,
but for the guitar plates deviations > 1000 cents also appear in the lower modes (I–III) of
the smallest plate at h = 30 mm. The largest discrepancy is observed for Mode V of Plate 3
at this thickness. The sixth eigenfrequency of Plate 3 at h = 30 mm is excluded since the
associated modal shape could not be identified in the sequence, as confirmed by the extended
MAC plot in Figure 5.10.
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Fig. 5.9 Cent frequency deviations from the reference baseline (at h = 0.05 mm) for the
guitar top plates. Note that due to the inability to identify a mode shape corresponding to the
original baseline set at h = 30mm for A = 0.03m2, the corresponding data value is discarded
from the plot and displayed in black.

Fig. 5.10 MAC analysis example between the guitar plates reference baseline and the first
twenty simulated modal shapes at h = 30 mm for Plate 3 (A = 0.03 m2). It is observed that
the baseline modal shape VI could not be detected.

The best-fit results are summarized in Figure 5.11 and Table 5.4.
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Fig. 5.11 Frequency deviations, computed using (5.5), as a function of thickness h for the
six considered non-dimensional frequencies of the G.Plates. Plate 3 (A = 0.03 m2): red
line / plus sign marker. Plate 2 (A = 0.13 m2): blue line / diamond sign marker. Plate 1
(A = 0.55 m2): green line / dot sign marker. Note that for Plate 3, values of non-dimensional
frequencies for Mode VI are not available for h = 30 mm.

I II III IV V VI

G.Plate 1 1.64 1.78 1.78 1.63 1.89 1.49
G.Plate 2 1.56 1.69 1.72 1.54 1.78 1.37
G.Plate 3 1.47 1.55 1.64 1.44 1.59 1.33*

Table 5.4 Best-fit exponents b, obtained from (5.5), for the fitting curves shown in Figure
5.11 for the guitar plates. *Note that for this case, frequency data associated with mode
shapes showing no correlation in Figure 5.7 were excluded from the curve fitting analysis.

Unlike the rectangular case, the exponents tend to decrease with increasing plate area,
and the largest guitar plate (G.Plate 1) shows a weaker quadratic dependence when compared
with the rectangular plate of similar size (R.Plate 2).
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5.5.3 Kantele plates

For the kantele plates, the MAC analysis in Figure 5.12 highlights a somewhat different
behavior. Modal crossings are rare, limited to modes 5 and 6 of Plate 2 at h = 30 mm, modes
5 and 6 of Plate 3 at h = 20 mm, and mode 3 of Plate 3 at h = 30 mm, where a low correlation
is observed. Modal distortion, however, emerges earlier as thickness increases. For Plate 1
(A = 1.39 m2), distortion appears at h = 20 mm, for Plate 2 at h = 10 mm, and for Plate 3
already at h = 5 mm. Representative mode shapes are reported in Figure 5.13.

Fig. 5.12 MAC plots for kantele plates (K.Plates) compared against the baseline configuration.
Each column corresponds to a different plate thickness, while each row represents an increas-
ing surface area: Plate 1 (A = 1.39m2): red line with plus markers; Plate 2 (A = 0.34m2):
blue line with diamond markers; Plate 3 (A = 0.08m2): green line with dot markers, from
top row to bottom.
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Fig. 5.13 Illustration of modal crossing happening within the first six mode shapes for the
reference kantele top plate (Plate 2, A = 0.34 m2). Each row corresponds to a different h
value. The first row shows the baseline modal shapes and the respective non-dimensional
eigenfrequencies for the modeled plate.

Cent deviations from the baseline are plotted in Figure 5.14. While several data points
are discarded due to poor correlation, deviations above 1000 cents are found only for the
smallest plate at h = 30 mm. The fitted scaling curves in Figure 5.15 and the exponents
in Table 5.5 suggest a closer-to-quadratic dependence than in the guitar case, though still
weaker than that of the rectangular plates.

Fig. 5.14 Cent frequency deviations from the reference baseline (at h = 0.1 mm) for the kantele
top plates. Note that, due to the inability to retrieve certain mode shapes corresponding to the
baseline set (notably for Plate 2 and Plate 3), the affected data points are omitted and shown
in black.
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Fig. 5.15 Frequency deviations, computed using (5.5), as a function of thickness h for the
six considered non-dimensional frequencies of the guitar top plates. Plate 1 (A = 1.39m2):
red line with plus markers; Plate 2 (A = 0.34m2): blue line with diamond markers; Plate 3
(A = 0.08m2): green line with dot markers. Note that for Plate 3, values of non-dimensional
frequencies for the 3rd, 4th, and 5th modes are not available for h = 20, 30 mm. Also, for
Plate 3, the value of the non-dimensional frequency for the 2nd mode is not available for h =
20 mm. For Plate 2 values of non-dimensional frequencies for the 4th and 5th modes are not
available for h = 30 mm.

I II III IV V VI

K.Plate 1 1.85 1.76 1.83 1.78 1.80 1.88
K.Plate 2 1.80 1.73 1.76 1.78* 1.78* 1.77
K.Plate 3 1.68 1.61* 1.82* 1.80* 1.77* 1.57

Table 5.5 Best fit exponents b obtained from (5.5), for the fitting curves shown in Figure
5.15 for the kantele top plates. *Note that for this case, differences in scaled frequencies
corresponding to modal shapes with no correlation to baseline from Figure 5.13 were
discarded in the curve fitting analysis.

5.6 A non-dimensional scaling law

The results above clarify how thickness h influences the dynamics of the three plate families.
Departures from the thin-plate baseline appear as (i) distortions of modal shapes, (ii) modal
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crossings, and (iii) shifts in the non-dimensional frequency. The latter is modeled with the
power law in (5.5). While that law quantifies within-mode deviations for plates of fixed area
A, it is natural to question whether the dependence on A can be removed so that departures
from the baseline collapse across sizes within each plate family (i.e. sharing same BCs and
aspect ratio). To investigate this, a different power law is tested by expressing the deviations
in terms of the non-dimensional parameter i from 5.2, defined as:

D f̄ ⇡ a i�b , (5.6)

For this purpose, the modal frequencies from the different plate sizes for each geometry kind
are collected and reported in Figure 5.16.

Fig. 5.16 Dimensionless frequency deviations plotted against i for the three plate families
(left to right: rectangular, kantele, guitar). In the yellow region—representing thin-plate
behavior—the data follow straight lines in the log–log plot, consistent with the model in
(5.6). In the red region, deviations from linearity begin to appear, indicating a breakdown of
the model in 5.6.

From the different subplots, two main observations emerge. First, when plotted against i ,
the data for a given family collapse onto a single line for each mode, provided i is sufficiently
large. This indicates an invariant pattern of frequency deviations for plates that share the
same dimensionless baseline. Second, the plots reveal two regimes separated by a transition:
in the yellow region, D f̄ varies as a straight line in log–log scale and is well described by
the power law in (5.6). In the red region, the curves bend, suggesting how the model is not
well suited anymore to accurately describe the behavior of D f̄ . The boundary between these
regions hence provides an empirical indicator for selecting an appropriate plate theory.

126



I II III IV V VI

R.Plates 1.99 1.98 1.98 1.96 1.96 1.96
K.Plates 1.85 1.77 1.84 1.79 1.81 1.88
G.Plates 1.51 1.71 1.69 1.52 1.83 1.31

Table 5.6 Best-fit exponents b obtained from (5.6) for the curves shown in Figure 5.16.

Despite it might be convenient to propose universal i thresholds distinguishing thin, thick
and membrane regimes as per previous research [158], the present data is best interpreted
on a case-by-case basis. Table 5.7 gives the identified boundary values for the first six
modes per each geometry kind. Overall, from Figure 5.16, the thin–to-thick transition for
the first six modes lies near i ⇡ 40. Given that i spans roughly four orders of magnitude
(10�1 to 103), these values are broadly consistent with [158]. However, an upper i bound
separating plate-like from membrane-like behavior is not identified here, since the COMSOL
Plate interface does not model membrane dynamics. Quantitatively, Table 5.6 shows that
rectangular plates exhibit an almost quadratic trend across modes, whereas non-rectangular
shapes deviate from this pattern; the smallest exponents occur for the guitar plates. Appendix
B includes a full tabulated comparison between the dimensional and non-dimensional modal
frequencies and the corresponding theoretical cutoff predictions for each geometry included
in this study. Although such cutoff frequencies are often referenced in dispersion analyses,
their predictive reliability diminishes in thick-plate regimes, and they should therefore be
interpreted with caution.

imin

R.Plates G.Plates K.Plates
46 37 39

Table 5.7 Estimated lower bounds on i indicating the transition from thin-plate to thick-plate
behavior, as inferred from Figure 5.16.

5.7 Reliable elastic characterization of a kantele top plate

To illustrate the practical use of the presented analysis framework, a case study is presented
on the estimation of elastic constants for a kantele soundboard. Inferring material properties
from a limited set of modal data is common in musical acoustics, typically under the thin-
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plate assumption [53, 183, 140]. When this assumption is violated, however, thick-plate
effects can introduce systematic errors in the estimates. The analysis focuses on K.Plate 2
(A = 0.34m2), which is representative of the concert kantele plate investigated experimentally
in Secion 4.5.2. “Experimental” modal frequencies are produced via FEM simulation using
the thin-plate elastic constants in Table 5.2. The estimation procedure introduced in Section
3 is here used to perform multiple estimates of Ex, Ey and Gxy for thickness values ranging
from 0.1 to 20mm. As shown in Figure 5.17, estimation errors remain below 5% up to
h = 5mm (i ⇡ 117). Beyond this, the accuracy deteriorates rapidly, exceeding 20% at
h = 20mm (i ⇡ 29). This behaviour mirrors the loss of modal shape correlation seen in
Figure5.12 above 5 mm, and coincides with the red-shaded region in Figure 5.16, where
deviations from thin-plate behaviour become dominant. Since concert kantele soundboards
may reach thicknesses of around 5mm, the estimation method remains valid in this range.
Smaller designs, with i ⇡ 30, enter a regime where thick-plate effects prevail and thin-plate
inverse methods lose reliability. The same limitation applies to other large instruments with
low i , such as upright pianos [38, 63], for which the present framework provides a diagnostic
tool to assess whether thin-plate models remain appropriate for a given modal sequence.

Fig. 5.17 Errors in the estimated elastic constants relative to the reference values for the
“experimental” kantele plate, shown as a function of plate thickness h.
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Chapter 6

On the impact of materials uncertainty in
historical musical instruments: A pilot
study

As anticipated in Section 4.5, one of the crucial aspects to take into account when dealing
with the modeling of musical instruments, particularly when dealing with ancient and fragile
artefacts, is the assessment of materials’ properties uncertainty. In the following chapter, the
impact of material uncertainty is considered through the case study of an ancient string-based
musical instrument. This is done by considering two different approaches: a deterministic
analysis and an info-gap approach. The latter aims to inform model-based decision-making
under severe uncertainty [26], and it was recently introduced to assess the influence of
materials properties uncertainty on the structural integrity of a historical cello [271]. This
analysis requires the definition of an uncertainty set describing how little is known about the
interested values (see Section 6.5.2). Then, a system model is required to predict how the
outcomes behave under the defined uncertainty. Here, COMSOL is used to implement the
physical model of the system (see Section 6.4). Finally, a performance requirement is set to
determine an acceptable outcome, and the robustness function is evaluated to quantify how
much uncertainty the decision-making can tolerate while still providing satisfactory results
(see Section 6.5.2). The role of this analysis is twofold. First, it represents a second applied
case scenario for the use of info-gap theory and uncertainty analysis in the context of digital
restoration of historical musical instruments. Second, and above all, within the NEMUS
project, it aims to lay the foundations for a broader reverse-engineering restoration protocol
by introducing the use of CT scans for virtual prototyping. While in the presented pilot study,
CT scans are only used as reference data, a discussion on the need for future research towards
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a full reverse-engineering framework is presented in Section 6.7. It is therefore important to
note that the following study serves as a pilot case. The results should not yet be regarded as
directly applicable by restorers, and the current limitations and recommendations for further
research are discussed in Section 6.6.

6.1 The Antegnati Arpicordo (1552)

The historical musical instrument considered here is an Antegnati arpicordo (i.e., an Italian
term to denote a poligonal spinet) from 1552. The instrument is shown in Figure 6.1. The

Fig. 6.1 Arpicordo Antegnati from 1552

instrument, several centuries old, exhibits clear signs of mechanical degradation, including
multiple visible cracks in its wooden structure, among which the largest one is of the main
interest here. The fracture is mainly attributed to cleavage failure (i.e., a splitting fracture),
presumably developed during shrinkage, which reduced the soundboard’s tensile capacity
perpendicular to the grain, hence promoting the crack’s expansion [233, 153]. These cracks,
combined with the natural effects of material aging and environmental exposure, have raised
concerns regarding its structural stability and safety during future playability. Throughout this
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chapter, the impact of uncertainty in the material properties on the soundboard static response
will be taken into account and discussed via two approaches: a deterministic analysis and an
info-gap approach. In the first case, different assumptions regarding the elastic properties of
the soundboard are introduced in the FEM model to assess their influence on the predicted
structural response. In particular, material parameters taken from literature values or available
databases are compared against an elastic material characterization of the soundboard’s main
plate based on direct measurements on wood specimens of the same kind. This analysis
is performed to demonstrate the impact of material uncertainty on the static assessment of
the soundboard. On the other hand, the info-gap approach allows an exploration of how
much uncertainty can be tolerated while still ensuring that the structure remains safe under
typical loading conditions [25, 27, 28]. This method has proven effective in recent studies on
historical musical instruments, notably in the assessment of an 18th-century cello with cracks,
which inspired the present work [271]. That study demonstrated the particular suitability
of Info-Gap theory combined with FEM analysis for evaluating the structural behavior of
historical wooden instruments, by accounting for uncertainties in different material elastic
properties which could not be directly measured because of conservation purposes. In this
work, this approach is exploited to assess the robustness of the instruments with and without
the presence of the main fracture.

6.1.1 The Hill Criterion

To evaluate the static response of the instrument’s soundboard, a suitable metric is required.
Among different criteria, the Hill Criterion is here used in accordance with similar research
[271]. This is defined as:

H = F(syy �szz)
2 +G(szz �sxx)

2 +H(sxx �syy)
2 +2Ls2

yz +2Ms2
zx +2Ns2

xy (6.1)

Where si j being the stress values in the i, j directions, the functions F , G, H, L, M, and
N are defined as:
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Where s y
i is the yield stress in direction i, s y

i j represents the yield shear stress in the plane
i j. The Hill criterion expresses the material’s proximity to yielding as a quadratic function
of the stress components, producing a scalar value H . Accordingly, when H � 1, the
material reaches the onset of yielding, indicating the beginning of plastic deformation and an
increased risk of crack initiation or propagation.

6.2 Soundboard material properties estimation strategies

The soundboard assembly of the Arpicordo consists of several distinct components, con-
structed from different wood species, as listed in Table 6.1. A visualization of the different
components from the implemented CAD model of the soundboard is shown in Section 6.4.
A fundamental step in this assessment is the estimation of the mechanical properties of the

COMPONENT WOOD TYPE

Main plate Cypress
Bridges (x2) Maple
Braces (x2) Spruce
Jacks Guide Pear wood

Table 6.1 Components of the arpicordo soundboard and corresponding materials.

arpicordo’s materials. Published databases for wood properties typically report values for
modern or commercially available materials, which are not representative of cypress and
pear wood that have formed part of a musical instrument for several centuries. Additionally,
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individual pieces of wood exhibit great variability in their mechanical behavior, influenced
by factors such as age, grain orientation and moisture history [275, 270, 187].

6.2.1 Literature- based material characterization

To characterize the material elastic properties of the soundboard, a literature review was
first conducted to gather available data on the mechanical properties of cypress and pear
wood [233, 24, 47, 271]. However, given the lack of elastic constants data, particularly
for cypress and pear wood, assumptions are needed when characterizing the soundboard
materials. Specifically, while data from spruce and maple wood were entirely based on
literature values [47], data for cypress and pear wood were estimated starting from available
Ex values of Mediterranean cypress which has been attributed to the construction of similar
historical soundboards [230]. This data was then used to approximate the remaining Young’s
moduli and shear moduli based on materials constants ratios for similar wood types [233].
Poisson ratios were also obtained from similar available wood types, namely bald cypress
and birch wood [233]. Table 6.2 reports the material characterization based on available
literature values and online databases.

Property Cypress Pear Spruce Maple
Ex (MPa) 5280 7800 10700 10000
Ey (MPa) 440 1537 710 1520
Ez (MPa) 206 671 430 870
nxy 0.338 0.392 0.38 0.46
nyz 0.411 0.695 0.51 0.82
nzx 0.326 0.428 0.51 0.50
Gxy (MPa) 332 1537 500 1220
Gyz (MPa) 37 133 23 290
Gzx (MPa) 285 757 620 1100
r (Kg/m3) 535 690 390 590

Table 6.2 Orthotropic material properties used for FEM modelling of the arpicordo sound-
board components.

Analogously, the yield stress and yield shear stress components needed for the computa-
tion of H are reported in Table 6.3 . These were based on both both literature findings [24,
233] and online databases [180]. However, as not enough data were collected, these initial
values are characterized by high intrinsic uncertainty.
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Stress field component Yield stress values [MPa]
sx 46
sy 3
sz 3
sxy 6
syz 6
szx 6

Table 6.3 Yield stress and yield shear stress values for each stress field component.

6.2.2 Experimental material characterization

To reduce the uncertainty in the material properties of cypress and pear, destructive mechani-
cal tests were performed on small samples of cypress and pear wood, which could be used
without compromising valuable artifacts. The ASTM D198 standard procedure was followed
to carry out the measurements [253]. Precisely, a total of 35 specimens were employed
across both pear and cypress, distributed according to material and testing direction. For the
yield stress, six pear specimens and six cypress specimens for each of the three anatomical
directions (longitudinal, radial, and tangential) were tested in compression. ASTM D198
prescribes that the proportional limit stress, corresponding to the point marking the end of
linear elastic behavior, is to be taken as the yield stress. Operationally, the corresponding
force F at this transition was identified, and the yield stress was computed as:

si =
F
Ac

(6.3)

Where Ac is the cross-sectional area of the specimen and i corresponds to the tested fiber
direction. For the value of Ex, seven pear specimens and ten cypress specimens were tested
in flexure. Note that, while the main fracture considered in this study is mainly due to the
tension acting perpendicular to the grain, for the presented case study measured compression
yield stress values can be considered as comparable to measured tension yield stresses, as
demonstrated by similar values reported in Table 3 in [271]. According to ASTM D198,
Ex is defined as the slope of the straight-line portion of the load–deformation curve. In
this work, the slope was extracted through linear regression applied to the initial linear
region of the stress–strain data, thereby ensuring objectivity and reproducibility. Figure 6.2a
shows the setup used for the three points bending test and the compression test performed
on the samples in accordance with the ASTM D198 standard. Here, the experimentally
obtained values of Ex for both cypress and pear were employed to rescale the full set
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(a) Three points bending tests. (b) Compression tests.

Fig. 6.2 Destructive measurements on cypress and pear wood tonewoods samples.

of elastic constants. The same literature orthotropic ratios for wood used to estimate the
remaining elastic constants in Section 6.2.1 were applied. The experimentally-driven material
characterization for cypress and pear wood is presented in Table 6.4 and Table 6.5. Despite

Experimentally driven Literature based Difference[%]

Property Cypress Pear Cypress Pear Cypress Pear

EL (MPa) 7100 9000 5280 7800 29.4 14.3

ER (MPa) 596 1773 440 1537 30.1 14.3

ET (MPa) 277 774 206 671 29.4 14.3

GLR (MPa) 447 1323 1220 1537 29.5 15.0

GRT (MPa) 50 153 290 133 29.9 14.0

GT L (MPa) 383 873 1100 757 29.3 14.2

r (Kg/m3) 632.4 707.6 535 690 16.7 2.5

Table 6.4 Comparison of experimentally and literature-driven material properties for cypress
and pear wood used for FEM modeling of the arpicordo soundboard components.

the reduction of material uncertainty achieved through experimental testing, the limited
number of available specimens and the specific preservation state of the historical instrument
imply that significant uncertainty remains in the characterization of the soundboard properties.
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Yield stress values [MPa]

Stress field component Experimentally driven Literature based Difference[%]

sx 39.1 46 16.2

sy 11.8 3 118.9

sz 11.7 3 118.4

Table 6.5 Comparison of experimentally and literature-driven yield stress values for each
stress field component.

This will be explicitly taken into account through the Info-gap analysis presented in Section
6.5.2.

6.3 Estimation of String Tension and Applied Loads

The forces applied to the soundboard by the strings were estimated based on each string’s
frequency, length, and linear mass density [136]:

f =
1

2L

s
T

µ
) T = 4L2 f 2µ (6.4)

where f is the string frequency (Hz), L is the vibrating length of the string (m), T is
the string tension (N), and µ is the linear mass density of the string (kg/m). The tuning,
number of strings, and their material characteristics were estimated based on organological
research on similar historical instruments and available relevant insights [197, 47]. As an
example, the reference tuning was assumed from a similar instrument attributed to the same
maker, illustrated in Figure 6.3. Similarly, string materials and dimensions were inspired
by available data of a virginal replica shown in Figure 6.4. The string lengths and break
angles (angles between the strings and the horizontal at the bridges) were estimated from
the 3D CAD model of the arpicordo. The resulting string tensions were decomposed into
components along the vertical (z) and longitudinal (x) directions. The vertical component
for each string was calculated as T · sin(q), and the longitudinal component as T · cos(q),
where q is the angle of the string relative to the horizontal plane. The total vertical force
on the soundboard was obtained by summing the z-components of all strings, and the total
longitudinal force was obtained by summing the x-components. The strings assumed material
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Fig. 6.3 Reference tuning and strings lengths (in mm) from [197] for the Nuremberg Virginal
attributed to Gianfrancesco Antegnati.

properties and the resulting total force values used in the FEM model are summarized in
Table 6.6.

Total force in Bridge 1 Total force in Bridge 2

- z direction - x direction - z direction + x direction
40 456 44 456

Table 6.6 Total forces (in N) applied to each bridge in the FEM model.

The assumed properties of the strings are summarized in Table 6.7, following recommen-
dations from Bucur [47].
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Fig. 6.4 Three types of wire used in a virginal replica, namely iron, yellow brass and red
brass with strings diameters ranging from 0.2 mm to 0.7 mm [47].

String type Radius [m] µ [kg/m]

Red brass (strings 1–3) 3.5 ⇥10�4 3.4 ⇥10�3

Yellow brass (strings 4–7) 3.5 ⇥10�4 3.3 ⇥10�3

Iron (strings 8 and higher) 1 ⇥10�4 2.5 ⇥10�4

Table 6.7 Assumed string types, radii, and linear densities.

6.4 FEM-based modeling of the Soundboard

A 3D FEM model of the Antegnati arpicordo soundboard was developed in COMSOL to
analyze the mechanical behavior of the instrument under typical loading conditions and
to evaluate its structural robustness. The geometry of the model was based on precise
dimensional measurements conducted by an experienced restorer directly on the original
instrument. In addition, high-resolution CT scans were performed, providing further ge-
ometrical insights into the internal structure of the soundboard. These data were used to
complement and refine the CAD geometry, ensuring that the model implementation reflected
both external measurements and internal features. Together, the restorer’s measurements
and the tomography scans provided accurate reference dimensions for the soundboard plate,
the attached components, and the observed fracture geometry. Within this study, only the
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largest observable crack was taken into account. Examples of the high resolution CT scans
are showed in Figure 6.5. As seen from the full view of the soundboard, the instrument
displays a non-homogeneous profile, partly due to shrinkage effects from centuries of wood
aging. In addition, the thickness distribution is intentionally irregular, reflecting historical
design practices of the makers. These aspects were not incorporated into the present model,
as the focus here is on evaluating the impact of material property uncertainties in the virtual
prototyping of historical musical instruments.
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(a) Full soundboard view.

(b) Detailed soundboard fibers view. (c) Detailed jacks guide fibers view.

(d) Detailed bridge fibers view. (e) Detailed brace fibers view.

Fig. 6.5 DICOM images obtained from CT scans on the instrument.

An initial 3D CAD model of the soundboard was created using Autodesk software. The
main fracture was drawn into the model by superimposing a high-resolution photograph of
the soundboard onto the CAD geometry and manually tracing its outline using splines. This
process ensured that the FEM model could accurately reflect the actual crack paths observed
in the instrument, rather than purely relying on theoretical or idealized assumptions. Two
versions of the FEM model were developed: one representing the current cracked condition of
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the soundboard, and a second version representing an undamaged condition. This allowed for
comparative analysis of the effects of the cracks on the structural behavior of the soundboard,
and to assess the reduction in robustness caused by the observed damage. An illustration
of the final CAD model of the instrument’s soundboard is presented in Figure 6.6. Each

(a) Front view of the soundboard. In green: large bridge. In black: small bridge.

(b) Back view of the soundboard. In red: Jacks guide. In light blue: large brace. In yellow: small
brace.

Fig. 6.6 Soundboard CAD model with the fracture imported in COMSOL.

component was individually modeled in COMSOL through the Solid Mechanics interface.
The fiber orientation of each component was carefully defined based on visual inspection
of the instrument and discussions with the restorer to accurately represent the orthotropic
behavior of the materials. Examples of the different components coordinate systems are
reported in figure 6.7.
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(a) Smaller bridge coordinate system. (b) Jacks guide coordinate system.

(c) Large brace coordinate system. (d) Small brace coordinate system.

(e) Large bridge coordinate system.

Fig. 6.7 Illustration of the coordinate systems defined for the different soundboard compo-
nents in COMSOL. The reference axis orientation shown in the bottom left corner indicates
the global coordinate system of the model, which coincides with the main soundboard plate’s
coordinates.
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Clamped boundary conditions were applied in the FEM model. The external edges
of the soundboard plate were fully constrained, representing the rigid attachment of the
soundboard to the instrument’s frame. In addition, fixed constraints were applied at the
interfaces between the soundboard plate and each attached component (bridges, braces, and
jack guide), corresponding to the glued joints present in the actual instrument. The string
tension data estimated in Table 6.6 was applied in the COMSOL model as boundary loads
acting along the two bridges.

To reduce computational cost, a coarse free tetrahedral mesh was adopted in the FEM
model. This is shown in Figure 6.8. This choice ensured efficiency but also introduced
a limitation, as mesh density can influence the accuracy of stress and strain distributions,
especially near cracks and material interfaces. Since the objective of this study was to
evaluate the relative impact of material assumptions and associated uncertainties, the effect
of mesh refinement was not investigated here. Nevertheless, its influence on result accuracy
will be systematically addressed in future work through a dedicated mesh convergence study.

(a) Mesh in COMSOL without crack

(b) Mesh in COMSOL with crack

Fig. 6.8 Finite element mesh of the arpicordo soundboard: (a) without crack; (b) with crack.
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6.5 Uncertainty assessment

The results obtained from both a deterministic static analysis using initial values only as well
as the results from the info-gap robustness analysis are presented in the following sections.

6.5.1 Deterministic results

In this section, deterministic results using both the literature based materials characterization
as well as the estimated values from the experimental data are presented. For the cracked
model, H was evaluated at specific points located at the tips of the fracture, where stress
concentrations are expected and critical behavior is most likely to initiate. In contrast, for
the undamaged model, H was computed as the maximum surface value over the entire
soundboard. This approach ensured that, in the absence of pre-existing defects, the most
critical location for potential failure was automatically identified. Thus, the choice between
point evaluation and surface maximum was made according to the structural condition of the
model: localized evaluation in the presence of cracks, and global maximum search for the
intact case.

Results

The H values computed for both the intact and the damaged soundboard model are reported
in Table 6.8. Besides, a visualization of the stress distribution for the damaged case scenario
in the x and y directions as well as the shear stress distribution in the x,y is given in Figure 6.9.
From the analysis, a significant difference is observed between the two estimation approaches.

Literature values Experimental values

Hintact H f racture Hintact H f racture

⇡ 0.75 ⇡ 2.12 ⇡ 0.15 ⇡ 0.39

Table 6.8 Hill criterion values obtained from the deterministic simulations using literature-
based and experimental-based material characterizations.

Specifically, the Hintact value obtained using literature-based material properties is five times
greater than the value based on the model informed by experimental data. Similarly, the
H f racture value predicted with literature-based properties is more than five times higher than
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the corresponding value obtained with experimental-based characterization. This suggests
that relying solely on literature values might overestimate the structural demand in both
intact and fractured configurations, while the use of experimentally informed properties
results in consistently lower Hill criterion values, indicating a less critical structural state.
Furthermore, the results highlight the limitations of a purely deterministic approach. In
the case of historical musical instruments, additional uncertainty arises not only from the
unknown long-term impact of environmental factors, but also from the fact that the material
samples used for characterization can not always be taken from the original soundboard,
as for the current case scenario. Accordingly, the findings show that the conclusions about
structural safety or failure risk are highly sensitive to the choice of input parameters. Relying
on a single set of initial values leaves too much uncertainty. This observation underlines the
necessity of a robustness-oriented framework, such as Info-Gap analysis, to properly account
for uncertainty and to evaluate the sensitivity of the conclusions to variability in the input
data.

Fig. 6.9 Stress distribution in the x (top) and y (middle) directions and shear stress distribution
in the x,y plane (bottom).
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6.5.2 Info-gap Robustness analysis

The uncertainties in the experimentally driven material properties of the cypress soundboard
are now modeled using an Info-Gap approach, following the formulation implemented in
[271]. The Info-Gap uncertainty analysis was carried out using the SIMBAD platform, which
was coupled with COMSOL Multiphysics through the LiveLink component for MATLAB
[2]. This integration enabled COMSOL to be driven directly by MATLAB scripts, allowing
SIMBAD to access the full range of MATLAB’s preprocessing, model manipulation, and
post-processing capabilities while operating on the FEM models built in COMSOL. In this
way, SIMBAD could efficiently manage the uncertainty analysis by automating simulations
and handling the iterative evaluations required by the Info-Gap framework [192, 283].

Uncertainity set

As per similar research [271], no probabilistic assumptions were made; instead, uncertainties
were expressed through a fractional-error info-gap model describing the uncertainty around
the initial values for the soundboard’s plate elastic constants and yield stresses. The resulting
uncertainty set was defined as:

Wq(h) =

(
Q :

�����
Qi � Q̂i

sQ j

����� h, 8i

)
, h� 0 (4)

where Q̂i are the nominal values of the material parameters that here vary by ± sQ j

while h represents the horizon of uncertainty. As in [271], Hill’s quadratic yield criterion H

was computed per each value of h, allowing the robustness function ĥ(Hc) to be established.
The resulting robustness horizon provides a quantitative measure of how large the parameter
uncertainties can become before compromising structural safety, and thus offers direct
guidance for assessing the playability of the instrument. For this preliminary case study, a
common estimated relative error of 30 % was assigned to all the material properties and yield
stress components related to the main cypress board. This error was intentionally set to be
larger than reported literature variability [275] in the woods material properties to account
also for the uncertainty caused by the aging of the instruments, the unknown environmental
factors to which it has been exposed over several centuries, and the limitations inherent in
the estimation of material properties from small test samples. A visual representation of the
uncertainty horizon in the info-gap analysis conducted in this Section is given in Figure 6.10.
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Fig. 6.10 Illustration of the uncertainty horizon in the info-gap robustness analysis of this
study. The black dot represents the nominal material properties (here based on the gathered
experimental data). Expanding circles represent the five successive sampled horizons of
uncertainty h, within which parameter values may deviate from nominal. In this study, the
maximum horizon corresponds to ±30% variation in the cypress wood material properties.

Performance requirement and Robustness function

The decision as to whether the instrument is considered playable, or not, depends on the
computed value of Hill’s quadratic failure function H . A safety factor was chosen to be the
same as in [271], leading to a critical threshold Hc = 1/3 for the Hill criterion. Although
this criterion can be arbitrarily chosen based on the conservation policies, it helps prevent
the instrument from structurally failing under unexpected environmental factors or human
errors. The instrument may be expected to remain structurally safe under potential playing
conditions if H does not exceed this threshold.

The robustness function is defined as the largest uncertainty horizon h such that Hill’s
criterion remains below the critical value for all combinations of parameters within the
uncertainty set. It is expressed as:

ĥ(Hc) = max
⇢
h : max

q2Wq(h)
(H (q)) Hc

�
(6.5)

The robustness ĥ(Hc) therefore quantifies the maximum level of uncertainty on the material
parameters that can be tolerated while ensuring that the soundboard remains structurally safe.
In other words, it provides a measure of how sensitive the instrument’s structural integrity
is to the lack of precise knowledge about the mechanical properties of the aged cypress
soundboard.
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Results

In Info-gap theory, robustness is formally defined as a function of the performance require-
ment Hc in 6.5. While the admissible safety threshold is fixed at Hc = 1/3, robustness can
be evaluated for a range of requirements. This produces a robustness curve ĥ(Hc), which
illustrates the trade-off between performance and robustness. In practice, this means that
strict performance requirements (low Hc) are associated with low robustness, whereas more
relaxed requirements correspond to larger robustness margins [271]. The resulting robustness
functions ĥ(Hc) are shown in Figure 6.11 for the two versions of the soundboard FEM
model: with and without the crack profile. The curves display the evolution of robustness as
a function of the Hill criterion threshold Hc. In the plot, the robustness ĥ is expressed as the
allowed percentage variation assumed in the analysis. As expected, the undamaged model

Fig. 6.11 Info-Gap Robustness analysis results. In solid blue line: Soundboard with no
fracture. In red dashed line: Soundboard with fracture. Black and red dotted vertical lines
denote the safety threshold Hc = 0.33 and the H limit value = 1.

exhibits greater robustness across the entire range of performance requirements. At the target
safety threshold Hc = 0.33, the intact soundboard tolerates uncertainty up to ĥ ⇡ 18%. On
the other hand, it is worth to notice how for the fractured model, the ĥ exceeds the maximum
H = 1 threshold at ⇡ 18%.
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6.6 Implication for conservation strategies

While the presented analysis only served as a pilot study aiming to assess the impact of
materials uncertainty on the structural integrity of historical musical instruments, the results
offer valuable trends that can inform conservation practices. At first, the difficulty in accessing
reliable data for certain woods used in musical instruments highlights the need to conduct
further research and standardize experimental procedures to collect more data of tonewoods
elastic properties. A useful trend from the numerical evaluation of the Hill Criterion can be
taken from the deterministic investigation. The results stressed how sensitive the structural
safety evaluation can be to the chosen input values for the different wood types. In fact, for
the presented case study, a restorer exclusively relying on literature data would conclude that
the arpicordo in its current state is critically unsafe from a structural integrity point of view.
On the other hand, using experimental data to drive the material characterization of the more
uncertain material properties of the instruments would lead to a relatively safe judgment of the
same board, since the H f racture value would remain quite below the maximum Hill Criterion
threshold (i.e. H = 1) while only slightly exceeding the safety threshold of H = 0.33. This
significant discrepancy demonstrates the risk of overconfidence in a deterministic analysis
approach. Therefore, if decision making were based uniquely on this strategy, the outcomes
could span from very conservative decisions which would prevent any further intervention
aiming at bringing the instrument back to playable conditions to an underestimation of
structural hazards that could expose the antique instrument to permanent and irreversible
damage. Instead, an info-gap robustness analysis approach clearly helps overcoming this
limitation by quantifying the maximum uncertainty that can be tolerated by the numerical
model before the safety criterion is compromised. This offers a more reliable framework to be
adopted in conservation policies, confirming its application to the conservation of historical
musical instruments, as suggested by recent research [271]. With specific regard to the case
study considered here, the info-gap analysis provides valuable insights which can support the
restorer interventions. The results suggest how the intact instrument could be safely stored
within a museum scenario in its current state and limited playability could be guaranteed
under the considered assumptions, hence exploiting the intangible cultural heritage inherent
to the instrument. However, it is shown how the dramatic loss in robustness caused by
the presence of a fracture like the one evaluated in this study leads to very low values of
tolerable uncertainty. For museum curators and conservators this underscores the relevance
of monitoring structural artifacts by quantifying the change in the structural capability of the
soundboard due to the presence of defects. More broadly, the FEM-based analysis confirmed
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to represent a valuable diagnostic tool, stressing its applicability to identify useful trends
which can be of interests within a museum context, as suggested in previous research [3].

Limitations

As this section reported an initial study conducted over a real case scenario, limitations have
to be reported in order to inform and support future studies towards the development of
a larger framework for the analysis of similar musical instruments. Despite the valuable
insights concerning trends and relative discrepancies from an intact and a damaged model
of the same soundboard, different source of uncertainty remain. First, the soundboard
geometry was simplified in the modeling. For instance, the soundboard was assumed to have
a homogeneous thickness, although in reality its profile varies. These variations are expected
to affect both the modal and static responses of the instrument. Future work should therefore
include a sensitivity analysis to assess how different levels of geometric detail influence the
numerical results, including the occurrence of fractures.

Similarly, while only the largest of the fractures appearing on the damaged instrument
was assessed to quantify its impact from the intact case, this was modeled by tracing the
profile of the fracture from a high-quality CT scan directly in the CAD model through a spline
function. Slight variations from the actual fracture profile might have led to different stress
distributions along the fracture’s edges, leading to different structural safety evaluations.
Thus, the degree of detail in the material removal should be addressed in order to quantify
its impact on the numerical results. Another significant source of uncertainty is given here
by the mesh size. While a compromise was chosen here to preserve computational costs
over accuracy, the geometrical discretization represents a further source of uncertainty in
the correct representation of stress distributions, which can be even more critical closer
to discontinuity locations, including sharp corners caused by the modeled crack profile.
Further studies need to systematically address mesh convergence by progressively refining
the mesh size and quantify the variations both in the modal domain as well as in the static
response. Furthermore, efficient mesh sizing should be designed in order to guarantee a more
refined mesh around critical points characterized by large stress gradients, while a coarser
discretization should be allowed in less critical areas to minimize the computational cost.
Overall, a systematic convergence mesh study would also help in distinguishing between
numerical artifacts and actual variations caused by structural interventions. Another source
of uncertainty in this kind of analysis concerns the evaluation of the Hill Criterion in the
interested domain. In this case scenario, the parameter was evaluated for the damaged
case model at two points located at the opposite vertex of the fracture, which are relevant
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locations where stress concentrations are expected. While this can represent a relevant and
plausible way when the structural integrity has to be assessed at specific local coordinates
of the structure, it presents important limitations. Evaluating only discrete points may
underestimate the maximum Hill Criterion if slightly larger values occur in the immediate
vicinity, particularly in regions affected by steep stress gradients or local mesh artifacts. In
future work, a more systematic strategy should be adopted, for example, by evaluating the
Hill Criterion over the entire surface or by extracting maximum values along the fracture
edges. Such an approach would reduce the risk of overlooking critical zones and would
provide a more robust picture of the instrument’s structural safety. Finally, the Info-Gap
robustness analysis modeled the uncertainty only on the elastic properties of cypress and
pear wood, given the lack of reliable data for these materials. However, the structural
behavior of the soundboard is arguably also influenced by the mechanical properties of
the other wood species used in the instrument making, as well as by the assumed string
tensions. The variability of these additional parameters was not involved here, but their effect
should be explored in future work to achieve a more comprehensive uncertainty assessment.
In the following section, a conceptual framework for a comprehensive reverse-engineering
process is proposed, aiming to outline the future research needs towards heritage conservation
workflows.

6.7 Towards a conservation framework: from CT scanning
to virtual prototyping of historical musical instruments

When implementing accurate virtual prototypes of existing historical musical instruments
via non-destructive image-based techniques historical and fragile instruments for FEM based
analysis, each case scenario represents a specific challenge due to its structural state, limiting
their accessibility and transportation. No protocol has yet been studied and validated to
recommend common practices supporting conservation interventions. Nonetheless, different
limitations still need to be addressed in order to validate a full reverse engineering protocol
that can offer accurate numerical investigations, informing the decision-making process of
restorers and museum curators by quantifying several uncertainty sources. A crucial aspect
concerns the choice of the best suited imaged based non-destructive method to acquire the
volumetric data of the musical instrument. Whilst many techniques exist, each of them
might be better suited for a different application [218], as reported in Table 6.9. Specifically,
techniques like photogrammetry, Laser Scanning (LIDAR), and Structured Light Scanning
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Method Optimal
applications

Advantages Limitations

Photogrammetry When highly
accurate renderings
of color and texture
are needed

High portability,
cost-effective,
captures color

Depends too much
on camera quality

LIDAR Surveying
archaeological sites
and scanning large
objects

High data acquisition
speed, semi-portable

Air molecules can
interfere with the
light pulses; cannot
detect color without
extensions

Structured Light When high-precision,
noncontact, and
detailed surface
mapping are needed

High-resolution,
high-precision

Cannot capture
texture and color;
sensor is sensitive to
ambient light

CT Analysis of internal
structure of artifacts
and diagnostics

Non-invasive,
surveys entire
volume at once

Limited availability
of specialized
equipment

Table 6.9 Comparison of 3D image based scanning methods taken from [218].

(SLS) only allow for a 3D reconstruction of the external component’s surfaces [126, 218, 213,
75]. Therefore, despite the specialized equipment required, CT represents the most promising
approach when a detailed reconstruction of the internal instrument structure is needed. This
is crucial to allow detecting potential internal damages in the different structural components,
which might affect the structural integrity of the instrument and therefore influence restoration
practices. Different examples exist on relatively small and medium-sized ancient instruments,
particularly the violin. Figure 6.12 shows examples of damage and interior structural details
observed in a violin and cello instruments by means of CT scans [241, 106].
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(a)

(b)

Fig. 6.12 Examples of damage and gap detection in the internal surfaces of historical musical
instruments. (a): Wormhole detected in a peg box of a historical Venetian cello via CT scans
from [241]. (b): Detailed view of a high-resolution CT scan obtained for a Hummel violin
with a 50 µm resolution from [106].

Larger instruments may present additional challenges during digital acquisition. For ex-
ample, the Antegnati Arpicordo examined in the previous sections underwent a CT scanning
campaign to obtain more detailed information about its geometry and internal components.
Figure 6.13 reports the mounting setup built specifically for the instrument.
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(a) (b)

(c) (d)

Fig. 6.13 Different views of the setup used for CT scanning of the Antegnati Arpicordo.

In this case study, the images were primarily used to inform the reconstruction of the CAD
model, with several finer details omitted. This was decided both to preserve simplicity in the
pilot phase and also because of the additional challenges encountered in the reverse process
required to obtain a CAD model of the instrument soundboard from the obtained point cloud
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(i.e. the digital representation of the volume reconstructed from the CT data). An example of
identified internal damage which was not included in the CAD model in Section 6.4 is shown
in Figure 6.14. Due to the instrument’s relatively large size, multiple scans were required

Fig. 6.14 Examples of internal material damage in the soundboard’s jacks guide identified
from the CT scans.

to capture its entire structure, which significantly increased the total acquisition time and
post-processing effort. Several research initiatives have sought to establish guidelines for CT
scanning of musical instruments. The MUSICES project, for instance, examined more than
100 historical instruments to produce detailed recommendations and practical instructions
covering transportation, data acquisition, post-processing, and the optimization of scanning
parameters. These efforts eventually culminated in a comprehensive set of guidelines
for cultural heritage applications [106, 20]. Further studies are still required to develop
standardized workflows that can reliably translate CT scan data into accurate and simulation-
ready 3D CAD models. Some of the key challenges include surface segmentation, the
generation of watertight geometries, and the implementation of meshes suitable for numerical
analyses, such as FEM-based simulations. Addressing these steps systematically is essential
to ensure that 3D reconstructions are not only geometrically faithful but also computationally
efficient for mechanical and vibroacoustical modeling. Finally, future work should also focus
on systematic numerical sensitivity analyses to quantify the influence of geometrical detail
and mesh refinement on the simulation outcomes. Such studies would provide valuable
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insights into how the level of model detail affects the accuracy and computational efficiency
of the analyses, thereby enabling optimized CT scanning and post-processing protocols that
could balance accuracy and efficiency.
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Chapter 7

Conclusions

The presented thesis focused on the experimental vibroacoustic analysis of orthotropic
plates, with specific application to string-based musical instruments. The literature review
in Section 1 provided a comprehensive overview of both the historical development of
methods for estimating material parameters and the state of the art in experimental and
numerical approaches for analyzing the modal behavior of instrument plates. One of the
main achievements of this work was the development of resource-efficient and cost-effective
experimental methodologies for measuring and identifying the dynamic and elastic properties
of wooden plates. These methods enable the collection of modal data and the estimation of
the main elastic constants of orthotropic materials in a more accessible and practical way,
aiming to support the activities of instrument makers and restorers.

A key contribution of this research was the validation of the inverse material parameter
estimation method introduced in Section 3. This approach, based on a linear least-squares
minimization, demonstrated the ability to accurately recover the elastic constants of thin or-
thotropic plates. The methodology was first numerically benchmarked, proving its efficiency
under different boundary condition configurations. It was then experimentally validated on
several sets of tonewood samples belonging to existing string-based musical instruments
(see Sections 3.6, 4.3, and 3.7), confirming its efficiency under laboratory and workshop
conditions. To enhance the accessibility of the approach, a low-cost measurement chain was
also implemented and validated. This setup requires significantly less specialized equipment
than standard laboratory EMA systems, allowing the method to be applied in workshop or
instrument-making contexts. The non-dimensional analysis framework presented in Section
5 introduced diagnostic tools to assess whether a tested plate satisfies thin-plate assumptions,
or whether its area-to-thickness ratio may compromise the accuracy of the estimated elastic
constants. Although the procedures were demonstrated using a commercial FEM software,
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the numerical benchmarking and validation of the open-source MagPie platform (Section
4.4) highlight the potential for establishing a fully open and accessible analysis ecosystem.
Finally, Chapter 6 extended the investigation by examining the impact of material property
uncertainty on the structural response of a historical soundboard of an Antegnati arpicordo
from 1552. A deterministic analysis was shown to be highly sensitive to input variability,
emphasizing the need for uncertainty assessment in conservation modeling. To address
this, an info-gap robustness analysis was carried out, introducing bounded variations in the
nominal elastic properties of the main soundboard woods. Despite the simplifications in
the modeling assumptions, the results revealed meaningful numerical trends and quantified
the sensitivity of structural predictions to material uncertainties, thereby providing a more
informed basis for restoration decision-making.

7.1 Future perspectives

A central ethos of the NEMUS project has been the open dissemination of knowledge and
tools, ensuring that methods developed for musical acoustics can be shared, reproduced, and
extended by the wider community. In this regard, the use of open-source computational
approaches has been a cornerstone. The development of MagPie, for instance, has already
demonstrated the feasibility of moving from commercial finite-element software such as
COMSOL to an in-house, open-source numerical framework for rectangular soundboards.
The continuation of this line of work will aim at expanding MagPie toward more complex ge-
ometries and boundary conditions, integrating it as part of the NEMUS ecosystem. Although
numerical model development was not the main objective of this PhD, the results obtained
here provide a foundation for coupling experimental findings with numerical prediction tools
in a fully open-source environment. This integration will facilitate more comprehensive
workflows in which the estimation of material parameters, uncertainty quantification, and
model validation can occur within a single, transparent framework. Combining the numerical
codes with the Info-Gap theory, previously applied to the restoration of the Antegnati arpi-
cordo, will further allow the incorporation of robustness analysis into future modeling tools.
This will enable the quantitative assessment of risk and uncertainty in virtual restoration, a
topic that aligns closely with NEMUS’s interdisciplinary vision.

With specific concern to historical musical instruments, as introduced in Section 6.7,
future and ongoing research efforts will focus on integrating tomography scans into a frame-
work for vibroacoustics and static analysis of such artefacts. While CT-based reconstruction
provides a powerful, non-invasive means of accessing internal geometry, the reliability of
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CAD models derived from scan data for numerical analyses remains an open question,
particularly given the additional processing required to convert raw scan data into manifold
geometries suitable for FE-based modeling. Ongoing work, therefore, includes a compar-
ative assessment of CT-derived models against reference geometries obtained from direct
measurements. To this end, pilot studies on small-sized instruments, such as a small kantele
model shown in Figure 7.1 , will investigate the impact of CT scans-based reconstruction
on the modal and static response of the instrument, with a long-term goal of establishing
validation strategies and uncertainty bounds for CT-based finite-element models.

Fig. 7.1 Small kantele model used in an ongoing case study.

An illustration of the workflow used for the current ongoing study on the small kantele model
is given in Figure 7.2 Beyond the numerical aspects, following the case study discussed in

Fig. 7.2 Workflow for CT-Based CAD Reconstruction and Finite Element Modeling of a
Kantele Soundboard.

Section 4.5, future work will also attempt to establish tolerable error bounds and meaningful
and standard JNDs in the modal domain when comparing two or more instruments to each
other, which remains a relevant open question for repeatability purposes in musical instru-
ment making.
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In summary, this research lays the groundwork for an integrated open-source framework that
combines:

• numerical simulation and modal analysis tools for orthotropic soundboards,

• uncertainty and robustness assessment via Info-Gap theory,

• post-processing and segmentation algorithms for experimental data,

• JND values for modal parameters linking numerical, experimental, and perceptual
comparisons of musical instruments,

• and an ethos of accessibility, transparency, and knowledge sharing that continues to
define the NEMUS project.

160



References

[1] AB, C. COMSOL Multiphysics® – Simulation software for multiphysics modeling.
Accessed via official product website of COMSOL Multiphysics. 2025. URL: https:
//www.comsol.com/comsol-multiphysics (visited on 10/23/2025).

[2] AB, C. LiveLink™ for MATLAB® – Run Multiphysics Simulations with MATLAB.
Add-on product for COMSOL Multiphysics® enabling MATLAB® integration. 2025.
URL: https://www.comsol.com/livelink-for-matlab (visited on 10/23/2025).

[3] Almanza, V., Le Conte, S., Vaiedelich, S., Foltête, E., Viala, R., Mosquera, A. F. A.,
Martinez, L., Wilkie-Chancellier, N., Serfaty, S., Placet, V., et al. “Physics-based
simulations for assessing the playability of heritage musical instruments: Impact
of the soundboard assembly process on its low frequency behavior”. In: Applied
Acoustics 214 (2023), p. 109672.

[4] Arnold, D. N. and Falk, R. S. “Asymptotic analysis of the boundary layer for the
Reissner–Mindlin plate model”. In: SIAM Journal on Mathematical Analysis 27.2
(1996), pp. 486–514.

[5] Asakura, T., Ishizuka, T., Miyajima, T., Toyoda, M., and Sakamoto, S. “Vibration
analysis for framed structures using the finite-difference time-domain method based
on the Bernoulli-Euler beam theory”. In: Acoustical Science and Technology 35.3
(2014), pp. 139–149.

[6] Ashby, M. F. and Gibson, L. J. “Cellular solids: structure and properties”. In: Press
Syndicate of the University of Cambridge, Cambridge, UK (1997), pp. 175–231.

[7] Ashory, M. R. “Assessment of the mass-loading effects of accelerometers in modal
testing”. In: SPIE proceedings series. 2002.

[8] Audiomatica Srl. CLIO Pocket — Portable Measurement System. Official prod-
uct page, Audiomatica audio measurement systems. 2025. URL: https : / / www.
audiomatica.com/wp/?page_id=3557 (visited on 10/18/2025).

[9] Ausiello, L. and Hockey, V. “Quantitative measurements to enhance performance
of acoustic musical instruments and improve manufacturing”. In: Acoustic Bulletin
47.2 (2021), pp. 47–2.

[10] Ausiello, L., Yule, L., Squicciarini, G., and Barlow, C. “Guitar soundboard measure-
ments for repeatable acoustic performance manufacturing”. In: Reproduced Sound.
Institute of Acoustics. Bristol, UK, Nov. 2018.

[11] Ausiello, L., Ducceschi, M., Duran, S., and Morrison, B. “Affordable wide-band
measurement ecosystem for musical acoustics based on electro-dynamic transducers”.
In: Acta Acustica 8 (2024), p. 53.

161

https://www.comsol.com/comsol-multiphysics
https://www.comsol.com/comsol-multiphysics
https://www.comsol.com/livelink-for-matlab
https://www.audiomatica.com/wp/?page_id=3557
https://www.audiomatica.com/wp/?page_id=3557


[12] Ausiello, L. and Hockey, V. “Advances in acoustics instruments measurements
and system design”. In: Reproduced Sound 2020: Taking it up a level. Institute of
Acoustics. 2020.

[13] Ausiello, L. and Nicoletti, G. “FEM simulations and experimental validation of
frequency response prediction for acoustic soundboards”. In: Reproduced Sound
2021: Institute of Acoustics Proceedings. Vol. 43. Institute of Acoustics Proceedings 2.
Bristol, United Kingdom: Institute of Acoustics, Nov. 2021, –. DOI: 10.25144/13793.
URL: https://reproducedsound.co.uk/.

[14] Avitabile, P. Modal testing: A practitioner’s guide. Hoboken, New Jersey: John Wiley
& Sons, 2017.

[15] Ayorinde, E. “Elastic constants of thick orthotropic composite plates”. In: Journal of
composite materials 29.8 (1995), pp. 1025–1039.

[16] Ayorinde, E. and Gibson, R. F. “Elastic constants of orthotropic composite materials
using plate resonance frequencies, classical lamination theory and an optimized
three-mode Rayleigh formulation”. In: Composites Engineering 3.5 (1993), pp. 395–
407.

[17] Badiane, D. G., Gonzalez, S., Malvermi, R., Antonacci, F., and Sarti, A. “A neural
network-based method for spruce tonewood characterization”. In: The Journal of the
Acoustical Society of America 154.2 (2023), pp. 730–738.

[18] Badiane, D. G., Malvermi, R., Gonzalez, S., Antonacci, F., and Sarti, A. “On the pre-
diction of the frequency response of a wooden plate from its mechanical parameters”.
In: ICASSP 2022-2022 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). IEEE. 2022, pp. 461–465.

[19] Bakarezos, M., Gymnopoulos, S., Brezas, S., Orfanos, Y., Maravelakis, E., Pa-
padopoulos, C., Tatarakis, M., Antoniadis, A., and Papadogiannis, N. “Vibration
analysis of the top plates of traditional greek string musical instruments”. In: Pro-
ceedings of the 13th International Congress on Sound and Vibration. 2006, pp. 4939–
4946.

[20] Bär, F. P., Fuchs, T., Wagner, R., Kirsch, S., Wolters, M., Fischeidl, K., Scholz, G.,
Kretzer, C., Raquet, M., Fichtner, M., Firsching, M., Wagner, S., Zepf, M., Schielein,
R., Böhnel, M., Reims, N., Brennhäußer, G., and Weizel, V. Recommendations for the
Three-Dimensional Computed Tomography of Musical Instruments. Technical Report.
Germanisches Nationalmuseum, Nuremberg, 2018. URL: https: / /www.gnm.de/
fileadmin/redakteure/Forschung/pdf/2018-10-11_MUSICES_Recommendations.
pdf.

[21] Barbato, G., Barini, E., Genta, G., and Levi, R. “Features and performance of some
outlier detection methods”. In: Journal of Applied Statistics 38.10 (2011), pp. 2133–
2149.

[22] Batahong, R. Y., Dayou, J., Wang, S., and Lee, J. “Vibrational Properties of sundatang
soundboard”. In: Archives of Acoustics 39 (2014).

[23] Bediz, B., Korkmaz, E., and Ozdoganlar, O. B. “An impact excitation system for
repeatable, high-bandwidth modal testing of miniature structures”. In: Journal of
Sound and Vibration 333.13 (2014), pp. 2743–2761.

162

https://doi.org/10.25144/13793
https://reproducedsound.co.uk/
https://www.gnm.de/fileadmin/redakteure/Forschung/pdf/2018-10-11_MUSICES_Recommendations.pdf
https://www.gnm.de/fileadmin/redakteure/Forschung/pdf/2018-10-11_MUSICES_Recommendations.pdf
https://www.gnm.de/fileadmin/redakteure/Forschung/pdf/2018-10-11_MUSICES_Recommendations.pdf
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[129] Gurău, L., Timar, M. C., Cos, ereanu, C., Cosnita, M., and Stanciu, M. D. “Aging
of wood for musical instruments: analysis of changes in color, surface morphology,
chemical, and physical-acoustical properties during UV and thermal exposure”. In:
Polymers 15.7 (2023), p. 1794.

[130] Häggblad, B. and Bathe, K.-J. “Specifications of boundary conditions for Reiss-
ner/Mindlin plate bending finite elements”. In: International Journal for Numerical
Methods in Engineering 30.5 (1990), pp. 981–1011.

[131] Halvorsen, W. G. and Brown, D. L. “Impulse technique for structural frequency
response testing”. In: Sound and Vibration 63.1 (1978), S81.

169



[132] Hamilton, M., Ducceschi, M., Mousseau, A., and Duran, S. “MAGPIE: a web-based,
open-source framework for plate vibration analysis”. In: INTER-NOISE and NOISE-
CON Congress and Conference Proceedings 270.6 (2024), pp. 5918–5929.

[133] Harrington, J. J. “Hierarchical modelling of softwood hygro-elastic properties”. PhD
thesis. University of Canterbury., 2002.

[134] HAUKAAS, T. Kirchhoff and Mindlin Plates. 2019.
[135] He, L., Liang, Y., Zhang, L., Zhou, J., Wang, R., and Liu, Z. “Measurement and

Analysis of the Vibration Responses of Piano Soundboards with Different Structures”.
In: Materials 17.5 (2024), p. 1004.

[136] Howard, D. and Angus, J. Acoustics and psychoacoustics. Routledge, 2013.
[137] Howard, K. “Musical instruments as tangible cultural heritage and as/for intangible

cultural heritage”. In: International Journal of Cultural Property 29.1 (2022), pp. 23–
44.

[138] Igea, F. and Cicirello, A. “A vibro-acoustic quality control approach for the elas-
tic properties characterisation of thin orthotropic plates”. In: Journal of Physics:
Conference Series. Vol. 1106. 1. IOP Publishing. 2018, p. 012031.

[139] Igea, F. and Cicirello, A. “Part-to-part variability assessment of material properties
for flat thin orthotropic rectangular panels using Chladni patterns”. In: Mech Sys Sig
Proc 139 (2020), p. 106559.

[140] Igea, F. and Cicirello, A. “Part-to-part variability assessment of material properties
for flat thin orthotropic rectangular panels using Chladni patterns”. In: Mechanical
Systems and Signal Processing 139 (2020), p. 106559.

[141] Inanli, S. and Altinsoy, E. “Vibroacoustics of Oud”. In: (2018).
[142] Inta, R. A. “The acoustics of the steel string guitar”. PhD thesis. UNSW Sydney,

2007.
[143] ISO, E. “3382-1, 2009,“acoustics—measurement of room acoustic parameters—part

1: Performance spaces,””. In: International Organization for Standardization, Brus-
sels, Belgium 69 (2009).

[144] Jannifar, A., Zubir, M., and Kazi, S. “Development of a new driving impact system
to be used in experimental modal analysis (EMA) under operational condition”. In:
Sensors and Actuators A: Physical 263 (2017), pp. 398–414.

[145] Jin, Y. and Li, Z. “A new method for eliminating speckle noise from Laser Doppler
Vibrometer signals”. In: Journal of Physics: Conference Series. Vol. 2041. 1. IOP
Publishing. 2021, p. 012007.

[146] Jost, L. “Establishing and evaluating a procedure for measuring violin sound radiation
in acoustically challenging spaces”. PhD thesis. Westsächsische Hochschule Zwickau,
2021.

[147] Jost, L. “Measuring speed of sound in the violin maker’s workshop through longitu-
dinal standing waves: a simple alternative method”. In: Proceedings of Meetings on
Acoustics. Vol. 49. 1. Acoustical Society of America. 2022, p. 035009.

[148] Kahle, E. and Woodhouse, J. “The influence of cell geometry on the elasticity of
softwood”. In: Journal of materials science 29.5 (1994), pp. 1250–1259.

170



[149] Karami, E., Brémaud, I., Bardet, S., Almeras, T., Guibal, D., Langbour, P., Pourtah-
masi, K., and Gril, J. “Reversible and irreversible effects of mild thermal treatment
on the properties of wood used for making musical instruments: comparing mulberry
to spruce”. In: iForest: Biogeosciences and Forestry 15 (2022), pp. 256–264.

[150] Kaselouris, E., Bakarezos, M., Tatarakis, M., Papadogiannis, N. A., and Dimitriou,
V. “A review of finite element studies in string musical instruments”. In: Acoustics.
Vol. 4. 1. MDPI. 2022, pp. 183–202.

[151] Kirsch, S. “Post-processing of musical instrument 3D-computed tomography data for
conservational applications”. In: Preservation of Wooden Musical Instruments-Ethics,
Practice and Assessment (2017).

[152] Klippel, W. “Assessment of voice coil peak displacement xmax”. In: Proceedings of
the AES 112 Convention. Dresden, Germany, Oct. 2002, pp. 307–324.

[153] Kollman, F. “Principles of wood sciences and technology”. In: I. Solid Wood (1968),
pp. 257–274.

[154] Konopka, D., Ehricht, S., and Kaliske, M. “Hygro-mechanical investigations of
clavichord replica at cyclic climate load: experiments and simulations”. In: Journal
of Cultural Heritage 36 (2019), pp. 210–221.

[155] Korkmaz, O. and Büyüksarı, Ü. “Effects of moisture content on mechanical properties
of micro-size oak wood”. In: BioResources 14.4 (2019), pp. 7655–7663.

[156] Kottick, E. L., Marshall, K. D., and Hendrickson, T. J. “The acoustics of the harpsi-
chord”. In: Scientific American 264.2 (1991), pp. 110–115.

[157] Kránitz, K., Sonderegger, W., Bues, C.-T., and Niemz, P. “Effects of aging on wood:
a literature review”. In: Wood Science and Technology 50.1 (2016), pp. 7–22.

[158] Krauthammer, T. and Ventsel, E. Thin plates and shells: theory, analysis and appli-
cations. New York: Mercel Dekker Inc., 2001.

[159] Kucíková, L. “Micromechanical study of spruce wood”. PhD thesis. Master’s thesis,
Czech Technical University in Prague, 2018.

[160] Ladevèze, P., Nedjar, D., and Reynier, M. “Updating of finite element models using
vibration tests”. In: AIAA journal 32.7 (1994), pp. 1485–1491.

[161] Lai, T. and Lau, T. “Determination of elastic constants of a generally orthotropic
plate by modal analysis”. In: International Journal of Analytical and Experimental
Modal Analysis 8.1 (1993), pp. 15–33.

[162] Lanvermann, C., Hass, P., Wittel, F. K., and Niemz, P. “Mechanical properties of
Norway spruce: intra-ring variation and generic behavior of earlywood and latewood
until failure”. In: arXiv preprint arXiv:1509.04012 (2015).

[163] Larsson, D. “Using modal analysis for estimation of anisotropic material constants”.
In: Journal of engineering mechanics 123.3 (1997), pp. 222–229.

[164] Lazar, J. and Kubota, G. S. “Analysis of a Vented-Box Loudspeaker System via the
Impedance Function”. In: Proceedings of the AES 147th Convention, New York, USA.
Oct. 2019.

171



[165] Le Moyne, S., Le Conte, S., Ollivier, F., Frelat, J., Battault, J.-C., and Vaiedelich, S.
“Restoration of a 17th-century harpsichord to playable condition: A numerical and
experimental study”. In: The Journal of the Acoustical Society of America 131.1
(2012), pp. 888–896.

[166] Lehr, R. “Sixteen S-squared over D-squared: A relation for crude sample size esti-
mates”. In: Statistics in medicine 11.8 (1992), pp. 1099–1102.

[167] Leissa, A. W. Vibration of plates. Vol. 160. Scientific and Technical Information
Division, National Aeronautics and . . ., 1969.

[168] Limkar, B. and Chandekar, G. “Dynamic analysis of Sitar: A comparative study of
operational and experimental modal analysis”. In: Journal of Vibration and Control
29.1-2 (2023), pp. 79–90.

[169] Madinier, N., Leclère, Q., Ege, K., and Berry, A. “Complex dynamic stiffness identifi-
cation of panels using inverse methods based on optical deflectometry measurements”.
In: Journal of Sound and Vibration (2025), p. 119373.

[170] Magalotti, R., Bugaj, K., and Said, A. “Assessing the acoustic load on a loudspeaker
driver through electrical impedance measurements”. In: Proceedings of the AES
Conference, Le Mans, France. Jan. 2024.

[171] Maierhofer, J., Mahmoudi, A. E., and Rixen, D. J. “Development of a low cost auto-
matic modal hammer for applications in substructuring”. In: Dynamic Substructures,
Volume 4: Proceedings of the 37th IMAC, A Conference and Exposition on Structural
Dynamics 2019. Springer. 2019, pp. 77–86.

[172] Maloney, S., Traynor, R., and Photometric, L. “Modal testing of a soprano pan using
a 3D laser Doppler vibrometer”. In: Acoust. Bull. 36 (2011), pp. 42–44.

[173] Malvermi, R., Albano, M., Gonzalez, S., Fiocco, G., Antonacci, F., Malagodi, M.,
and Sarti, A. “The impact of alkaline treatments on elasticity in spruce tonewood”.
In: Sci Rep-UK 12.1 (2022), p. 13335.

[174] Mansour, H., Scavone, G., and Freour, V. “A comparison of vibration analysis
techniques applied to the Persian setar”. In: Proceedings of Acoustics. Nantes, France,
2012, pp. 1743–1748.

[175] Mansour, H. “Modal analysis of the Setar: A numerical–experimental comparison”.
In: Journal of Vibration and Acoustics 137.6 (2015), p. 061006.

[176] Mansour, H., Arzanpour, S., Alghassi, H., and Behzad, M. “Vibration Analysis of Se-
tar for Extracting the Frequency Response Function (FRF)”. In: ASME International
Mechanical Engineering Congress and Exposition. Vol. 43888. 2009, pp. 485–490.

[177] Manzo, G., Tippner, J., and Zatloukal, P. “Relationships between the macrostructure
features and acoustic parameters of resonance Spruce for piano soundboards”. In:
Applied Sciences 11.4 (2021), p. 1749.

[178] Martarelli, M. and Ewins, D. J. “Continuous scanning laser Doppler vibrometry
and speckle noise occurrence”. In: Mechanical Systems and Signal Processing 20.8
(2006), pp. 2277–2289.

[179] Martínez, M. P., Poletti, P., and Espert, L. G. “Vibration testing for the evaluation
of the effects of moisture content on the in-plane elastic constants of wood used in
musical instruments”. In: Vibration and structural acoustics analysis (2011), pp. 21–
57.

172



[180] MatWeb, L. Spruce Wood — Material Property Data. Material property database
entry for spruce wood. 2025. URL: https://www.matweb.com/search/QuickText.aspx?
SearchText=spruce (visited on 10/22/2025).

[181] Maynard, J. D., Williams, E. G., and Lee, Y. “Nearfield acoustic holography: I.
Theory of generalized holography and the development of NAH”. In: The Journal of
the Acoustical Society of America 78.4 (1985), pp. 1395–1413.

[182] McConnell, K. G. Vibration Testing: Theory and Practice. John Wiley & Sons, 1995.
[183] McIntyre, M. and Woodhouse, J. “On measuring the elastic and damping constants

of orthotropic sheet materials”. In: Acta Metallurgica 36.6 (1988), pp. 1397–1416.
[184] Mclntyre, M. and Woodhouse, J. “On measuring wood properties, part 1–3”. In: J.

Catgut Acoust. Soc 42.11 (1984).
[185] Meincken, M., Roux, G., and Niesler, T. “An African violin-The feasibility of using

indigenous wood from southern Africa as tonewood”. In: South African Journal of
Science 117.11-12 (2021), pp. 1–8.

[186] Meza-Perez, A., Gonzalez, S., Viala, R., and Fritz, C. “Developing a finite element
model for the study of an experimental batch of violins”. In: Forum Acusticum 2023.
2023, p. 752.

[187] Meza-Pérez, A., Stoppani, G., Viala, R., Gonzalez, S., Igartua, U., Rico, R. J.,
and Fritz, C. “Towards a finite element model of a batch of experimental violins:
validation on sub-structural components”. In: Acta Acustica 9 (2025), p. 2.

[188] Mihalcica, M., Stanciu, M., Gliga, V., Campean, M., Dinulică, F., and Nastac, S.
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Appendix A

ROM of the electromechanical coupling

The exciter-board coupled system is defined as:

rh
∂ 2u(x, t)

∂ t2 = L (u(x, t))�2trh
∂u(x, t)

∂ t
+D(x�xmd)Cms (w(t)�u(xmd, t))�D(x�xmd)BlI(t) (A.1a)

Mms
d2w(t)

dt2 =�2Mms x dw(t)
dt

�Cms (w(t)�u(xmd, t))+BlI(t) (A.1b)

V (t) = Le
dI(t)

dt
+ReI(t)+K

✓
dw(t)

dt
� ∂u(xmd, t)

∂ t

◆
(A.1c)

The displacement of the board is denoted u(x, t), with x 2 (0,Lx)⇥ (0,Ly), and the
exciter’s motion is described by w(t). The electrical variables include the current I(t)
through the exciter and the applied voltage V (t). The operator L (u), governing the plate’s
internal dynamics, follows the standard orthotropic formulation (see [83] for details). The
exciter contact point xmd is defined either centrally or off-center, depending on the mounting
configuration.

The density of the board is r = 390 kg/m3, and its thickness is h = 4mm. The parameters
Mms, Cms, Re, Le, and Bl represent the Thiele & Small parameters of the exciter as mounted
on the plate, with values listed in Table 4.1. Additional parameters include t , x , and K,
which represent, respectively, the exponential decay rate of the board, the loss coefficient of
the exciter, and the back-electromechanical coupling constant.

To reduce model complexity while retaining physical relevance, a reduced-order model
(ROM) capturing only the dynamics of the first mode of the board is used. This is justified
by the fact that this mode is most affected by the position of the exciter xmd . One can assume
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that the displacement field u(x, t) can be approximated by the modal expansion:

u(x, t)⇡ sin
px
Lx

sin
py
Ly

r(t), (A.2)

where r(t) is the time-dependent modal coordinate. The chosen shape function corresponds
to the fundamental mode of a simply-supported rectangular plate, which is qualitatively
similar to that of a clamped plate, as both exhibit a maximum at the center and decay toward
the boundaries.

By substituting the modal approximation (A.2) into the full coupled system and applying
a standard Galerkin projection (see [79]), one arrives at the following set of reduced-order
equations governing the coupled electromechanical dynamics:

d2r(t)
dt2 =�w2

0 q(t)�2t dq(t)
dt

+bMmsM�1w2
md (w(t)�br(t))�bM�1BI(t) (A.3a)

d2w(t)
dt2 =�2h dw(t)

dt
�w2

md (w(t)�br(t))+M�1
ms BI(t) (A.3b)

V (t) = Le
dI(t)

dt
+ReI(t)+K

✓
dw(t)

dt
�b

dr(t)
dt

◆
(A.3c)

where the coefficient
b := sin

✓
pxmd

Lx

◆
sin

✓
pymd

Ly

◆
(A.4)

quantifies the contribution of the modal shape at the location of the exciter xmd . All
parameters appearing in this model are either known from measurements or can be reasonably
estimated. The fundamental frequency is given by f0 = 117Hz, leading to w0 = 2p f0. The
damping of the board is computed via t = 3log(10)/t60 ⇡ 14s�1, based on an energy decay
time t60 ⇡ 0.5s for a 60 dB reduction [216]. The modal mass of the board for the (0,0)
mode is obtained via projection as M = 0.25rhLxLy ⇡ 50g. The coordinate xmd = (xe,ye)

corresponds to the exciter’s mounting location, taken from Fig. 4.1. In this study, two
possible locations are considered: for position C, xmd = (0.5Lx,0.5Ly); for position L1,
xmd = (0.7Lx,0.9Ly). The exciter’s resonance is expressed as wmd = 2p fmd , with fmd =p

Cms/Mms/(2p) = 73.9Hz, as reported in Table 4.3. The parameters x ⇡ 15s�1 and
K ⇡ 0.6V · s ·m�1 are estimated heuristically.

Assuming a harmonic excitation of the form V (t) = V̂ e jwt , the system can be recast in
the frequency domain as:

Z(w)Î = V̂ (A.5)

182



Here, the response vector is defined as Î =
�

jw r̂ := v̂, jwŵ, Î
�T , representing the frequency-

domain velocities and current, while the input vector is V̂ = (0, 0, 1)T . The matrix Z(w) 2
C3⇥3 denotes the system’s impedance and is omitted here for brevity. Once known, this
matrix allows for direct computation of both the plate’s velocity response v̂ and the input
electrical impedance, defined as Z := V̂/Î.
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Appendix B

Cutoff Frequency Tables

The following tables present both dimensional and non-dimensional modal frequencies for
rectangular, guitar-shaped, and kantele plates across a range of thicknesses. Theoretical
cutoff frequencies derived from the MR plate model are also included for reference. Although
these cutoff values are widely cited in plate theory, they do not serve as reliable indicators
of the transition to thick-plate behavior. In compiling the data, modal frequencies have
been reordered at each thickness increment to maintain alignment with the baseline modal
sequence. Frequencies that could not be identified are marked as ‘n/a’.

For smaller h values, all plates—independent of their surface area—display modal
patterns and non-dimensional frequencies that closely align with the thin-plate reference case.
However, as h increases, notable divergences appear. These deviations become increasingly
significant with greater thickness and are especially pronounced in plates with smaller
surface areas. This trend reflects the expected scaling behavior governed by the parameter
i = h�1

p
A.
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Table B.1 Dimensional and non-dimensional modal frequencies for modal shapes I-VI for the
rectangular plates across three thicknesses. Reference cutoff frequencies f0x, f0y are reported
for each case. Values in Hz. The non-dimensional values are shown in parentheses using a
smaller font.

Plate Thickness: h = 0.1mm, f0x = 6.10 ·106 Hz, f0y = 1.28 ·106 Hz

Plate Area [m2] Mode I (41.21) Mode II (62.72) Mode III (101.9) Mode IV (102.2) Mode V (118.5) Mode VI (150.6)

Rectangular 1.92 0.24 (41.21) 0.37 (62.72) 0.60 (101.9) 0.69 (102.2) 0.69 (118.5) 0.88 (150.6)

Rectangular 0.48 0.96 (41.21) 1.46 (62.72) 2.38 (101.9) 2.39 (102.2) 2.77 (118.5) 3.52 (150.6)

Rectangular 0.12 3.85 (41.21) 5.86 (62.72) 9.52 (101.9) 9.55 (102.2) 11.1 (118.5) 14.1 (150.6)

Plate Thickness: h = 3 mm, f0x = 2.03 ·105 Hz, f0y = 4.27 ·104 Hz

Plate Area [m2] Mode I (41.21) Mode II (62.72) Mode III (101.9) Mode IV (102.2) Mode V (118.5) Mode VI (150.6)

Rectangular 1.92 7.21 (41.19) 11.0 (62.70) 17.8 (101.9) 17.9 (102.1) 20.7 (118.4) 26.3 (150.5)

Rectangular 0.48 28.8 (41.08) 43.8 (62.57) 71.3 (101.7) 71.1 (101.4) 82.4 (117.7) 105 (149.6)

Rectangular 0.12 114 (40.70) 174 (62.11) 283 (101.1) 278 (99.26) 323 (115.4) 412 (147.0)

Plate Thickness: h = 30 mm, f0x = 2.03 ·104 Hz, f0y = 4.27 ·103 Hz

Plate Area [m2] Mode I (41.21) Mode II (62.72) Mode III (101.9) Mode IV (102.2) Mode V (118.5) Mode VI (150.6)

Rectangular 1.92 67.2 (39.85) 104 (61.11) 170 (99.57) 153 (94.58) 180 (110.4) 233 (141.5)

Rectangular 0.48 230 (32.79) 317 (52.99) 610 (87.04) 457 (65.35) 563 (80.37) 761 (108.7)

Rectangular 0.12 674 (24.04) 1170 (41.85) 1900 (67.65) 1160 (41.27) 1550 (55.26) 2180 (77.65)

Table B.2 Dimensional and non-dimensional modal frequencies for modal shapes I-VI for the
guitar top plates across three thicknesses. Reference cutoff frequencies f0x, f0y are reported
for each case. Values in Hz. The non-dimensional values are shown in parentheses using a
smaller font.

Plate Thickness: h = 0.05 mm, f0x = 6.10 ·106 Hz, f0y = 1.28 ·106 Hz

Plate Area [m2] Mode I (38.8) Mode II (68.82) Mode III (87.52) Mode IV (109.7) Mode V (111.6) Mode VI (144.4)

Guitar 0.55 0.40 (38.8) 0.70 (68.82) 0.90 (87.52) 1.13 (109.7) 1.15 (111.6) 1.48 (144.4)

Guitar 0.13 1.59 (38.8) 2.83 (68.82) 3.59 (87.52) 4.51 (109.7) 4.58 (111.6) 5.93 (144.4)

Guitar 0.03 6.37 (38.8) 11.3 (68.82) 14.4 (87.52) 18.0 (109.7) 18.3 (111.6) 23.7 (144.4)

Plate Thickness: h = 3 mm, f0x = 2.03 ·105 Hz, f0y = 4.27 ·104 Hz

Plate Area [m2] Mode I (38.8) Mode II (68.82) Mode III (87.52) Mode IV (109.7) Mode V (111.6) Mode VI (144.4)

Guitar 0.55 23.8 (38.63) 42.2 (68.48) 53.8 (87.32) 67.2 (109.0) 68.4 (111.0) 87.7 (142.3)

Guitar 0.13 94.4 (38.32) 167 (67.67) 214 (86.87) 266 (107.8) 270 (109.4) 344 (139.6)

Guitar 0.03 369 (37.45) 640 (64.99) 842 (85.42) 1030 (104.1) 1020 (103.9) 1310 (132.9)

Plate Thickness: h = 30 mm, f0x = 2.03 ·104 Hz, f0y = 4.27 ·103 Hz

Plate Area [m2] Mode I (38.8) Mode II (68.82) Mode III (87.52) Mode IV (109.7) Mode V (111.6) Mode VI (144.4)

Guitar 0.55 208 (33.77) 333 (54.03) 480 (77.89) 552 (89.67) 501 (81.4) 676 (109.8)

Guitar 0.13 678 (27.51) 979 (39.74) 1550 (63.11) 1670 (67.88) 1340 (54.5) 1950 (79.07)

Guitar 0.03 1870 (18.98) 2490 (25.26) 4070 (41.28) 4300 (43.69) 3150 (31.96) (n/a)

186



Table B.3 Dimensional and non-dimensional modal frequencies for modal shapes I-VI for the
kantele top plates across three thicknesses. Reference cutoff frequencies f0x, f0y are reported
for each case. Values in Hz. The non-dimensional values are shown in parentheses using a
smaller font.

Plate Thickness: h = 0.05 mm, f0x = 6.10 ·106 Hz, f0y = 1.28 ·106 Hz

Plate Area [m2] Mode I (41.31) Mode II (70.38) Mode III (85.34) Mode IV (112.4) Mode V (125.2) Mode VI (141.8)

Kantele 1.39 0.33 (41.31) 0.56 (70.38) 0.68 (85.34) 0.90 (112.4) 1.00 (125.2) 1.14 (141.8)

Kantele 0.34 1.33 (41.31) 2.26 (70.38) 2.74 (85.34) 3.61 (112.4) 4.02 (125.2) 4.55 (141.8)

Kantele 0.08 5.30 (41.31) 9.04 (70.38) 11.0 (85.34) 14.4 (112.4) 16.1 (125.2) 18.2 (141.8)

Plate Thickness: h = 3 mm, f0x = 2.03 ·105 Hz, f0y = 4.27 ·104 Hz

Plate Area [m2] Mode I (41.31) Mode II (70.38) Mode III (85.34) Mode IV (112.4) Mode V (125.2) Mode VI (141.8)

Kantele 1.39 9.93 (41.27) 16.9 (70.28) 20.5 (85.18) 27.0 (112.2) 30.1 (124.9) 34.1 (141.5)

Kantele 0.34 39.6 (41.31) 67.4 (70.38) 81.0 (85.34) 108 (112.4) 120 (125.2) 135 (141.8)

Kantele 0.08 157 (40.71) 266 (69.19) 320 (83.16) 423 (109.9) 468 (121.5) 527 (136.8)

Plate Thickness: h = 30 mm, f0x = 2.03 ·104 Hz, f0y = 4.27 ·103 Hz

Plate Area [m2] Mode I (41.31) Mode II (70.38) Mode III (85.34) Mode IV (112.4) Mode V (125.2) Mode VI (141.8)

Kantele 1.39 91.8 (38.17) 155 (64.50) 180 (74.70) 240 (99.39) 262 (109.2) 286 (118.7)

Kantele 0.34 313 (32.51) 525 (54.50) 571 (59.31) (n/a) (n/a) 847 (88)

Kantele 0.08 917 (23.82) 1630 (42.29) (n/a) (n/a) (n/a) 2200 (57.07)
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